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Abstract

In this article we establish energy of derived graphs, by using adjacency distance matrix of derived graph. This article contains energy of derived
graphs of some standard graphs such as; star graph, double star, complete bipartite graph, crown graph, friendship graph, healthy spider graph
and cocktail party graph. Also, we determine lower bound and upper bound of energies of derived graphs.
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INTRODUCTION

I Gutman was introduced a very useful concept, that is the
energy of a graph in the year 1978 [7]. Let G be a simple and
connected graph with n vertices and m edges and let A =
(a;; ) be the real symmetric adjacency square matrix of order
n X n of the graph G with real eigen values 1, 1,, ..., 4,, and
there sum is equal to zero. The energy of a graph G is given
by;

n

£6) = D 1

i=1

Theories on the mathematical concepts of graph energy can be
seen in [2, 3, 4, 5, 6, 10, 15] and the references cited there in.
For various upper and lower bounds for energy of a graph can
be found in papers [4, 6] and it was observed that graph energy
has chemical applications in the molecular orbital theory of
conjugated molecules [8].

Derived Graph

In this paper, we consider simple graphs, which are the graphs
without directed, multiple, or weighted edges, and without
self-loops. Let G be such a graph and let its vertex set be
V (G) = {vy,vy,...,v,} and edge set be E(G) =
{e1, ez, ..., en}. The distance between the vertices v;and v; is
equal to length of a shortest path between v;and v;.

Definition 1.1. Let the derived graph is also a simple graph
denoted by Gp, is the graph having the same vertex set as G, in
which two vertices are adjacent if and only if their distance in
Gis2[16].

Energy of Derived Graph

Definition 1.2. The adjacency distance matrix of derived graph
GD of order n X n is defined by,
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A(Gp) = (d;j ), where

(d--) _ {1 if d(i,j) = 2,where d(j,j) is distance between i and j
Y 0 if Otherewise.

The characteristic polynomial of A(Gp) is defined as;

fa(Gp,a) = det(A(Gp) — al).
The characteristic equation is; det(A(Gp) — al) = 0.

Let aq, ay, ..., ay, are the derived eigenvalues of A(Gp).
The energy of derived graph G, is defined as;

£Go) = Y 1l
i=1

RESULTS
Definition 2.1. A graph G with {v,,v,, ..., v,} as a set of
vertices in which v,, v, ..., v,are connected to a common

vertex v; which has a degree n — 1, denoted by K; ,,[9].

Theorem 2.2. The energy of derived star graph, Kp(q 5 is
2(n — 1).

Proof. The adjacency matrix of Kp 4 ») is given by;

000......... 000

001......... 111

010......... 111
AD[KD(LTL)] =

011......... 011

011......... 101

L011......... 110 dnsyxme)

The Characteristic polynomial is:A[A — (n — 1][4 + 1]*71.

The Characteristic equation is: A[A — (n — 1)][A + 1]*" ! =
0.



1407

International Journal of Science Academic Research, Vol. 07, Issue 09, pp.1406-1409, September 2026

Then,
SpeCD[KD(l.n)] = ( 01 n 11 n : 11)

Hence the energy of K4 ») is;

&(Kpamy) = 101 + In—1.1 + |=1].(n — 1)
=2(n - 1).

Definition 2.3. A tree containing exactly two non-pendent
vertices is called double star, denoted by S, ) [14].

Theorem 2.4. The energy of derived double star graph, Sp(m,n)
is 2(m + n).

Proof. The adjacency matrix of Spm,n) is given by;

000......... 111
001......... 000
010......... 000
Ap [SD(m,n)] =
100......... 011
100......... 101
L100......... 1 104 mins2)x(m+n+2)

The Characteristic polynomial is: [A — m][A — n][A + 1]™*".

The Characteristic equation is: [A — m][A —n][A + 1]™*" = 0.

Then,
-1
Specp [Spmm | = (T 1 m+")'

Hence the energy of Spm,n) is;
fMD(SD(m,n)) =|m|l.1+ |n|.1+|-1]l.m+n
= 2(m + n).
Definition 2.5. A complete bipartite graph K, ,, is a graph in
which each vertex in set A is adjacent to each vertex in set B,

with [A] = mand |B| = n[9].

Theorem 2.6. The energy of derived complete bipartite graph,
Kpmm)is2(m +n— 2).

Proof. The adjacency matrix of Kp () is given by;

011......... 000
101......... 000
110......... 000
AMD[KD(m,n)] =
000......... 011
000......... 101
L000......... 110 dminyx(men)
The  Characteristic ~ polynomial  is:[A — (m — 1)][1 —

(n— D][A + 1]™"2,

The  Characteristic  equation  is:
(n—D]A+1m™""2 = 0.

[4—=(m—-1D][2-

Then,
-1 -1 -1
SpeCD[KD(m,n)] = (m 1 " 1 m+n-— 2)'

Hence the energy of Kp () is;
& (Kpgmmy) =Im—11.1 + In—1].1 + [-1|.m+n—2
=2(m+n-2).

Definition 2.7. A graph in which any two distinct vertices are
adjacent is called complete graph, K, [9].

Theorem 2.8. Let K, be the derived graph of complete graph.
Then ED(KDTL) = 1.

Definition 2.9. A Crown graph Cr;, is a graph obtained by
complete bipartite graph K, ,, by removing a perfect matching

[13].

Theorem 2.10. Let Cryp,, be the derived graph of crown graph.
Then the energy of Crpy, is 4(n — 1).

Proof. The adjacency matrix of Crp,, is given by;

011......... 000

101......... 000

110......... 000
Ap[Crp, ] =

000......... 011

000......... 101

L00O0......... 110 4znyxezn)

The Characteristic polynomial is: [, — (n — 1)]?[A + 1]2(*2),
The Characteristic equation is: [, — (n — 1)]?[A + 1]2("=2) =0,

Then,
n—1 -1
Specp [CTpy,] = ( 2 2m- 1)).

Hence the energy of Cryp,, is;
pCrpp)=In—112 + |-1]2(n-1)
=4(n—-1)

Definition 2.11. A friendship graph F, is a graph in which n
number of triangles are connected in common central vertex

[12].

Theorem 2.12. The energy derived friendship graph Fp, is
4(n — 1).

Proof. The adjacency matrix of Fp,, is given by;

000......... 000
000......... 111
000......... 111

Ap[Fpn ] =
000......... 011
000......... 100
L000......... 100 dzn+1)xzn+1)

The Characteristic polynomial is: A"*1[1 — 2(n — 1)][A + 2] L.
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The Characteristic equation is: A"*1[1 — 2(n — 1)][A + 2]*"! = 0.

Then,

n+1 1 n—1

Hence the energy of Fp,, is;

§p(Fpn) =10[.(n+ 1) + [2(n — D|1 + [=2].(n = 1)
= 4(n — 1).

Definition 2.13. Let G be a Healthy spider graph with 2n + 1
vertices and 2n edges, denoted by Hs ,[1].

Theorem 2.14. Let Hsp, be the derived graph of healthy
spider graph. Then the energy ofHsp, is 2(n — 1) + vVn.

Proof. The adjacency matrix of Hsp,, is given by;

000......... 111

001......... 000

010......... 000
Ap[Hspp ]| =

100......... 000

100......... 000

L100......... 000 4zn+1)x(2n+1)

The Characteristic polynomial is: A™V[1— (n— 1)1+
1"-1[A2 — n].

The Characteristic
1]1*"1[A%2 —n] = 0.

equation is: A V[A—(n— D]+

Then,

0 n—1

n—1 1 - \/ﬁ)

SpecolHson] = ( R

Hence the of Hsp,, is;
Ep(Hspp) =10.(n—1)+ In—1].1+|-1|(n—-1
+ |Vn|.1
=2(n-1) + vVn.

Definition 2.15. The cocktail party graph is denoted by Cp,,, is
a graph having the vertex set V = S {u;, v;} and the edge set
E={ww,vv:i+jJUu{uyy, ny:1<i<j<
n} [13].

Theorem 2.16. The energy derived cocktail party graph Cpp,
is 2n.

Proof. The adjacency matrix of Cpp,, is given by;

000......... 000

000......... 000

000......... 100
Ap[Cppn] =

001......... 000

000......... 000

L000......... 00 0dnyxam

The Characteristic polynomial is: [A — 1]*[A + 1]™
The Characteristic equation is: [A — 1]*[A + 1]™ = 0.

Then,

Specp[Cppy] = (i _nl)

Hence the energy of Cpp, is;
$p(Cppy) = I1l.n+ |=1|.n
= 2n.

Properties of Derived Graphs Energy

Theorem 3.1. Let G, be a derived graph with vertex set,
V (Gp) = {v1,V2,...,Vn} and edge set E(Gp) =
{evn,e2,...,em}. If A4, A5,..., A, are the eigenvalues of derived

graph adjacency matrix Ay (Gp), then

1. ?:1 /‘li = 0
2. Z?:l /12,: =2M

Proof. 1. We know that, the sum of spectra ofA,(Gp) is zero.

=1 = 0.
2. We have,
n n o n
2= 0,0 did
i=1 i=1 j=1
n n
= Z dii2 + Z dL]2
i=1 i#j
n
= 0 + 2 Z dijz
i<j
= 2M.

Where Z?S] dl‘jz =2M.
Bounds for Derived Graphs Energy

Similar to McClellands [11] bounds for energy of a graph,
bounds for £(Gp) are given in the following theorem;

Theorem 4.1. Let G, be a derived graph of order n and size m.
If P=[I%, |A* , then V(2M +n(n — 1)P) < &,(Gp) <
V(2Mn).

Proof. We have Cauchy Schwarz inequality, which is;
n n n
O ab)? <) (@) ) b
i=1 i=1 i=1

Leta; = land b; = |4; |

Hence,
O LIAD? <) (W ) (uh?
i=1 i=1 i=1
QI <n Y (42
£(Gp) < n(2M). 1)
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Next, we know that

1 1 _
JE— . | > . .yn(n-1)
=D > iyl = | Jaaian

i#j i%j
1 (-1l
—_— Al = ) nn-1
IS I (G
1#) i#j
2
n(nl— 1) Z:l'=fti|)‘i||)‘j| 2 Hiij(l/liD; 2)

2
Put [iz;(14;Dn =P
- Equation 2 becomes;
! ZM 1A, = P
n =D L il =
i#j

Z|,1i||,1,-| >n(n — 1) P
i#j
Now,

£(Gp)? = ) (A2

i=1
n
= > aaD?+ ) iyl
i=1 i#)
ép(Gp)? = 2M +n(n — 1)P(4.3)
Hence from 4.1 and 4.3 we have,

V(M +n(n — 1)P) < &,(Gp) < V(2Mn).

Theorem 4.2. If A, is the largest eigenvalue of A,(Gp), then
2M
Al > 7;.

Proof. Let X be any non-zero vector. Then by [15], We have

X'AX
21(A) = maxy,, {W}
A = % = %, where J is a unit matrix [1,1,1,..., 1].

Similar to Koolen and Moultons [10] upper bound for energy
of a graph, upper bound for &, is given in the following
theorem.

Theorem 4.3. If G, is a derived graph with n vertices and m
edges and K + 2M = n, then &,(Gp) < % +V((n—

2M\?

DM - (2)].
Proof. We have Cauchy Schwarz inequality,

n n n

O @bh)? <) (@) ) )

i=1 i=1 i=1
Leta; = land b; = |4; |
Hence,

(i L 12 si(l)z.iminz
i=1 i=1 i=1

[£p(Gp) —4]* < (n — D[2M — 112]
& (Gp) <A +V[(n — D[2M - 2,7]].
Let f(x) =x +V[(n — D[2M — x?]]

For decreasing function f '(x) < 0

(n—1)x
=>1-— <0
Vi(n = D[2M — x2]]
2M
=>X2\/[T]

Since 2M 2 n, we have V[2] <22 < 4,
Sf) < FED

That is, £ (Gp) < f(A1) < F()

= & (60) < FC

= &(Gp) <= +V((n— 1)[2M — (ZTM)Z].
Conclusion

In this article we established energy of derived graphs of some
standard graphs like star graph, double star, complete bipartite
graph, crown graph, friendship graph, healthy spider graph and
cocktail party graph. Also, we determined upper bound and
lower bound of energy of derived graphs.
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