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Abstract 
 

In this article we establish energy of derived graphs, by using adjacency distance matrix of derived graph. This article contains energy of derived 
graphs of some standard graphs such as; star graph, double star, complete bipartite graph, crown graph, friendship graph, healthy spider graph 
and cocktail party graph. Also, we determine lower bound and upper bound of energies of derived graphs. 
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INTRODUCTION 

 
I Gutman was introduced a very useful concept, that is the 
energy of a graph in the year 1978 [7]. Let 𝐺 be a simple and 
connected graph with 𝑛 vertices and 𝑚 edges and let 𝐴 ൌ
 ሺ𝑎௜௝  ሻ be the real symmetric adjacency square matrix of order 
𝑛 ൈ  𝑛 of the graph 𝐺 with real eigen values 𝜆ଵ, 𝜆ଶ, … , 𝜆௡ and 
there sum is equal to zero. The energy of a graph G is given 
by; 
 

𝜉ሺ𝐺ሻ  ൌ  ෍ |𝜆௜|

௡

௜ୀଵ

. 

 
Theories on the mathematical concepts of graph energy can be 
seen in [2, 3, 4, 5, 6, 10, 15] and the references cited there in. 
For various upper and lower bounds for energy of a graph can 
be found in papers [4, 6] and it was observed that graph energy 
has chemical applications in the molecular orbital theory of 
conjugated molecules [8]. 
 
Derived Graph 
 
In this paper, we consider simple graphs, which are the graphs 
without directed, multiple, or weighted edges, and without 
self-loops. Let 𝐺 be such a graph and let its vertex set be 
𝑉 ሺ𝐺ሻ  ൌ  ሼ𝑣ଵ, 𝑣ଶ, … , 𝑣௡ሽ and edge set be 𝐸ሺ𝐺ሻ  ൌ
 ሼ𝑒ଵ, 𝑒ଶ, … , 𝑒௠ሽ. The distance between the vertices 𝑣௜and 𝑣௝  𝑖s 
equal to length of a shortest path between 𝑣௜and 𝑣௝.  
 
Definition 1.1. Let the derived graph is also a simple graph 
denoted by 𝐺஽, is the graph having the same vertex set as 𝐺, in 
which two vertices are adjacent if and only if their distance in 
𝐺 is 2 [16]. 
 
Energy of Derived Graph 
 
Definition 1.2. The adjacency distance matrix of derived graph 
GD of order 𝑛 ൈ  𝑛 is defined by,  
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𝐴ሺ𝐺஽ሻ  ൌ  ሺ𝑑௜௝  ሻ, where 
 

൫𝑑௜௝൯ ൌ ቄ1 𝑖𝑓 dሺi, jሻ  ൌ  2, where dሺi, jሻ is distance between i and j
  0                          if                                            Otherewise.

 

 
The characteristic polynomial of 𝐴ሺ𝐺஽ሻ is defined as;  
𝑓௡ሺ𝐺஽,𝛼ሻ  ൌ  𝑑𝑒𝑡ሺ𝐴ሺ𝐺஽ሻ  െ  𝛼𝐼ሻ. 
 
The characteristic equation is; 𝑑𝑒𝑡ሺ𝐴ሺ𝐺஽ሻ െ  𝛼𝐼ሻ ൌ 0. 
 
Let 𝛼ଵ,𝛼ଶ, … ,𝛼௡ are the derived eigenvalues of 𝐴ሺ𝐺஽ሻ.  
The energy of derived graph 𝐺஽ is defined as; 
 

𝜉ሺ𝐺஽ሻ  ൌ  ෍ |𝛼௜|

௡

௜ୀଵ

. 

 
RESULTS 
 
Definition 2.1. A graph 𝐺 with ሼ𝑣ଵ, 𝑣ଶ, … , 𝑣௡ሽ  as a set of 
vertices in which 𝑣ଶ, 𝑣ଷ, … , 𝑣௡are connected to a common 
vertex 𝑣ଵ which has a degree 𝑛 െ  1, denoted by 𝐾ଵ,௡[9]. 
 
Theorem 2.2. The energy of derived star graph, 𝐾஽ሺଵ,௡ሻ is 
2ሺ𝑛 െ  1ሻ. 
 
Proof. The adjacency matrix of 𝐾஽ሺଵ,௡ሻ is given by; 
 

Aୈሾ𝐾஽ሺଵ,௡ሻ ሿ  ൌ

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

0 0 0 . . . . . . . . . 0 0 0
0 0 1 . . . . . . . . . 1 1 1
 0 1 0 . . . . . . . . . 1 1 1
… … … … … … … …
… … … … … … … …
… … … … … … … …

0 1 1 . . . . . . . . . 0 1 1
 0 1 1 . . . . . . . . . 1 0 1 
0 1 1 . . . . . . . . . 1 1 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ሺ୬ାଵሻൈሺ୬ାଵሻ 

 

 
The Characteristic polynomial is:𝜆ሾ𝜆 െ  ሺ𝑛 െ  1ሿሾ𝜆 ൅  1ሿ௡ିଵ . 
 
The Characteristic equation is: 𝜆ሾ𝜆 െ  ሺ𝑛 െ  1ሻሿሾ𝜆 ൅  1ሿ௡ିଵ ൌ
0. 



Then, 

Specୈൣ𝐾஽ሺଵ,௡ሻ൧ ൌ ቀ   0          n െ   1          െ 1
     1                1        n െ  1

ቁ. 

 
Hence the energy of 𝐾஽ሺଵ,௡ሻ is; 
 

𝜉஽൫𝐾஽ሺଵ,௡ሻ൯ ൌ  |0|. 1 ൅  |n െ 1|. 1 ൅  | െ 1|. ሺn െ  1ሻ 
ൌ  2ሺ𝑛 െ  1ሻ. 

 
Definition 2.3. A tree containing exactly two non-pendent 
vertices is called double star, denoted by 𝑆ሺ௠,௡ሻ [14]. 
 
Theorem 2.4. The energy of derived double star graph, 𝑆஽ሺ௠,௡ሻ 
is 2ሺ𝑚 ൅ 𝑛ሻ. 
 
Proof. The adjacency matrix of 𝑆஽ሺ௠,௡ሻ is given by; 
 

Aୈሾ𝑆஽ሺ௠,௡ሻ ሿ  ൌ

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

0 0 0 . . . . . . . . . 1 1 1
0  0 1. . . . . . . . . 0 0 0
 0 1 0 . . . . . . . . . 0 0 0
… … … … … … … …
… … … … … … … …
… … … … … … … …

1 0 0 . . . . . . . . . 0 1 1
 1 0 0 . . . . . . . . . 1 0 1 
1 0 0 . . . . . . . . . 1  1 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ሺ୫ା୬ାଶሻൈሺ୫ା୬ାଶሻ 

 

 
The Characteristic polynomial is: ሾ𝜆 െ 𝑚ሿሾ𝜆 െ 𝑛ሿሾ𝜆 ൅  1ሿ୫ା୬. 
 
The Characteristic equation is: ሾ𝜆 െ 𝑚ሿሾ𝜆 െ 𝑛ሿሾ𝜆 ൅  1ሿ୫ା୬ ൌ 0. 
 
Then, 

Specୈൣ𝑆஽ሺ௠,௡ሻ൧ ൌ ቀm 𝑛 െ1
1 1 𝑚൅ 𝑛

ቁ. 

 
Hence the energy of 𝑆஽ሺ௠,௡ሻ is; 

𝜉ெ஽൫𝑆஽ሺ௠,௡ሻ൯ ൌ |𝑚|. 1 ൅ |n|. 1 ൅ |െ1|.𝑚 ൅ 𝑛 
ൌ  2ሺ𝑚 ൅  𝑛 ሻ. 

 
Definition 2.5. A complete bipartite graph 𝐾௠,௡ is a graph in 
which each vertex in set 𝐴 is adjacent to each vertex in set 𝐵, 
with |𝐴|  ൌ  𝑚 and |𝐵|  ൌ  𝑛 [9]. 
 
Theorem 2.6. The energy of derived complete bipartite graph, 
𝐾஽ሺ௠,௡ሻ is 2ሺ𝑚 ൅ 𝑛 െ  2ሻ. 
 
Proof. The adjacency matrix of 𝐾஽ሺ௠,௡ሻ is given by; 
 

A୑ୈሾ𝐾஽ሺ௠,௡ሻ ሿ  ൌ

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

0 1 1 . . . . . . . . . 0 0 0
1 0 1 . . . . . . . . . 0 0 0
 1 1 0 . . . . . . . . . 0 0 0
… … … … … … … …
… … … … … … … …
… … … … … … … …

0 0 0 . . . . . . . . . 0 1 1
 0 0 0 . . . . . . . . . 1 0 1 
0 0 0 . . . . . . . . . 1 1 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ሺ୫ା୬ሻൈሺ୫ା୬ሻ 

 

 
The Characteristic polynomial is:ሾ𝜆 െ ሺ𝑚 െ 1ሻሿሾ𝜆 െ
ሺ𝑛 െ 1ሻሿሾ𝜆 ൅ 1ሿ௠ା௡ିଶ. 
 
The Characteristic equation is: ሾ𝜆 െ ሺ𝑚 െ 1ሻሿሾ𝜆 െ
ሺ𝑛 െ 1ሻሿሾ𝜆 ൅ 1ሿ௠ା௡ିଶ ൌ 0. 
 

Then, 

Specୈൣ𝐾஽ሺ௠,௡ሻ൧ ൌ  ቀm െ 1 𝑛 െ 1 െ1
1 1 𝑚 ൅ 𝑛 െ 2

ቁ. 

 
Hence the energy of 𝐾஽ሺ௠,௡ሻ is; 
𝜉஽൫𝐾஽ሺ௠,௡ሻ൯ ൌ |m െ 1|. 1 ൅  |n െ 1|. 1 ൅  |െ 1|. m ൅ n െ 2 

ൌ 2ሺ𝑚 ൅ 𝑛 െ 2ሻ. 
 
Definition 2.7. A graph in which any two distinct vertices are 
adjacent is called complete graph, 𝐾௡ [9]. 
 
Theorem 2.8. Let 𝐾஽௡ be the derived graph of complete graph. 
Then 𝜉஽ሺ𝐾஽௡ሻ ൌ 1. 
 
Definition 2.9. A Crown graph 𝐶𝑟௡ is a graph obtained by 
complete bipartite graph 𝐾௡,௡ by removing a perfect matching 
[13]. 
 
Theorem 2.10. Let 𝐶𝑟஽௡ be the derived graph of crown graph. 
Then the energy of 𝐶𝑟஽௡ is 4ሺ𝑛 െ 1ሻ. 
 
Proof. The adjacency matrix of 𝐶𝑟஽௡ is given by; 
 

Aୈሾ𝐶𝑟஽௡ ሿ  ൌ

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

0 1 1 . . . . . . . . . 0 0 0
1 0 1 . . . . . . . . . 0 0 0
 1 1 0 . . . . . . . . . 0 0 0
… … … … … … … …
… … … … … … … …
… … … … … … … …

0 0 0 . . . . . . . . . 0 1 1
 0 0 0 . . . . . . . . . 1 0 1 
0 0 0 . . . . . . . . . 1 1 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ሺଶ୬ሻൈሺଶ୬ሻ 

 

 
The Characteristic polynomial is: ሾλ െ  ሺn െ  1ሻሿଶሾλ ൅  1ሿଶሺ୬ିଶሻ. 
 
The Characteristic equation is: ሾλ െ  ሺn െ  1ሻሿଶሾλ ൅  1ሿଶሺ୬ିଶሻ ൌ 0. 
 
Then, 

Specୈሾ𝐶𝑟஽௡ሿ ൌ  ൬
n െ 1 െ1

2 2ሺ𝑛 െ 1ሻ൰. 

 
Hence the energy of 𝐶𝑟஽௡ is; 

𝜉஽ሺ𝐶𝑟஽௡ሻ ൌ  |𝑛 െ 1|.2 ൅  | െ 1|.2 ሺn െ 1ሻ  
ൌ  4ሺ𝑛 െ 1ሻ 

 
Definition 2.11. A friendship graph 𝐹௡ is a graph in which 𝑛 
number of triangles are connected in common central vertex 
[12]. 
 
Theorem 2.12. The energy derived friendship graph 𝐹஽௡ is 
4ሺ𝑛 െ  1ሻ. 
 
Proof. The adjacency matrix of 𝐹஽௡ is given by; 
 

Aୈሾ𝐹஽௡ ሿ  ൌ

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

0 0 0 . . . . . . . . . 0 0 0
0 0 0 . . . . . . . . . 1 1 1
 0 0 0 . . . . . . . . . 1 1 1
… … … … … … … …
… … … … … … … …
… … … … … … … …

0 0 0 . . . . . . . . . 0 1 1
 0 0 0 . . . . . . . . . 1 0 0 
0 0 0 . . . . . . . . . 1 0 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ሺଶ୬ାଵሻൈሺଶ୬ାଵሻ 

 

The Characteristic polynomial is: 𝜆௡ାଵሾ𝜆 െ 2ሺ𝑛 െ 1ሻሿሾ𝜆 ൅ 2ሿ௡ିଵ. 
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The Characteristic equation is: 𝜆௡ାଵሾ𝜆 െ 2ሺ𝑛 െ 1ሻሿሾ𝜆 ൅ 2ሿ௡ିଵ ൌ 0. 
 
Then, 

Specୈሾ𝐹஽௡ሿ ൌ  ቀ 0 2ሺ𝑛 െ 1ሻ െ2
𝑛 ൅ 1 1 𝑛 െ 1

ቁ. 

 
Hence the energy of 𝐹஽௡ is; 
 
𝜉஽ሺ𝐹஽௡ሻ ൌ |0|. ሺn ൅ 1ሻ  ൅   |2ሺn െ  1ሻ|.1 ൅  | െ 2|. ሺn െ  1ሻ  

ൌ  4ሺ𝑛 െ  1ሻ. 
 
Definition 2.13. Let 𝐺 be a Healthy spider graph with 2𝑛 ൅  1 
vertices and 2𝑛 edges, denoted by 𝐻𝑠 ௡[1]. 
 
Theorem 2.14. Let 𝐻𝑠஽௡ be the derived graph of healthy 
spider graph. Then the energy of𝐻𝑠஽௡ is 2ሺ𝑛 െ 1ሻ  ൅  √𝑛. 
 
Proof. The adjacency matrix of 𝐻𝑠஽௡  is given by; 
 

Aୈሾ𝐻𝑠஽௡ ሿ  ൌ

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

0 0 0 . . . . . . . . . 1 1 1
0 0 1 . . . . . . . . . 0 0 0
 0 1 0. . . . . . . . . 0 0 0
… … … … … … … …
… … … … … … … …
… … … … … … … …

1 0 0 . . . . . . . . . 0 0 0
 1 0 0 . . . . . . . . . 0 0 0 
1 0 0 . . . . . . . . . 0 0 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ሺଶ୬ାଵሻൈሺଶ୬ାଵሻ 

 

 
The Characteristic polynomial is: 𝜆ሺ௡ିଵሻሾ𝜆 െ ሺ𝑛 െ 1ሻሿሾ𝜆 ൅
1ሿ௡ିଵሾ𝜆ଶ െ 𝑛ሿ. 
 
The Characteristic equation is: 𝜆ሺ௡ିଵሻሾ𝜆 െ ሺ𝑛 െ 1ሻሿሾ𝜆 ൅
1ሿ௡ିଵሾ𝜆ଶ െ 𝑛ሿ ൌ 0. 
 
Then, 
 

Specୈሾ𝐻𝑠஽௡ሿ ൌ  ൬ 0 𝑛 െ 1 െ1
𝑛 െ 1 1 𝑛 െ 1

√𝑛.
1
൰. 

 
Hence the of 𝐻𝑠஽௡  is; 

𝜉஽ሺ𝐻𝑠஽௡ሻ ൌ |0|. ሺ n െ 1ሻ ൅  |n െ 1|. 1 ൅ |െ1|ሺn െ 1 
൅  |√n|.1   
ൌ  2ሺ𝑛 െ 1ሻ  ൅  √𝑛. 

 
Definition 2.15. The cocktail party graph is denoted by 𝐶𝑝௡, is 
a graph having the vertex set 𝑉 ൌ  𝑆 ሼ𝑢௜ ,𝑣௜ሽ and the edge set 
𝐸 ൌ  ሼ𝑢௜𝑢௝  , 𝑣௜𝑣௝ ∶  𝑖 ്  𝑗ሽ  ∪  ሼ𝑢௜𝑢௝  , 𝑣௜𝑣௝ ∶  1 ൑  i ൏  𝑗 ൏
 𝑛ሽ [13]. 
 
Theorem 2.16. The energy derived cocktail party graph 𝐶𝑝஽௡ 
is 2𝑛. 
 
Proof. The adjacency matrix of 𝐶𝑝஽௡ is given by; 
 

Aୈሾ𝐶𝑝஽௡ ሿ  ൌ

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

0 0 0 . . . . . . . . . 0 0 0
0 0 0 . . . . . . . . . 000

 0 0 0 . . . . . . . . . 1 00
… … … … … … … …
… … … … … … … …
… … … … … … … …

0 0 1 . . . . . . . . . 0 0 0
 0 0 0 . . . . . . . . . 0 0 0 
0 0 0 . . . . . . . . . 0 0 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ሺଶ୬ሻൈሺଶ୬ሻ 

 

The Characteristic polynomial is: ሾ𝜆 െ 1ሿ௡ሾ𝜆 ൅ 1ሿ௡. 
 
The Characteristic equation is: ሾ𝜆 െ 1ሿ௡ሾ𝜆 ൅ 1ሿ௡ ൌ 0. 
 
Then, 

Specୈሾ𝐶𝑝஽௡ሿ ൌ     ቀ1 െ1
𝑛 𝑛

ቁ. 

 
Hence the energy of 𝐶𝑝஽௡ is; 

𝜉஽ሺ𝐶𝑝஽௡ሻ ൌ  |1|.𝑛 ൅  |െ1|. n 
ൌ  2𝑛. 

 
Properties of Derived Graphs Energy 
 
Theorem 3.1. Let 𝐺஽ be a derived graph with vertex set, 
𝑉 ሺ𝐺஽ሻ ൌ ሼvଵ, vଶ, . . . , v୬ሽ  and edge set 𝐸ሺ𝐺஽ሻ  ൌ
 ሼ𝑒ଵ, 𝑒ଶ, . . . , 𝑒௠ሽ. If 𝜆ଵ, 𝜆ଶ, . . . , 𝜆௡ are the eigenvalues of derived 
graph adjacency matrix 𝐴ெ஽ሺ𝐺஽ሻ, then 
 
1. ∑ 𝜆௜ ൌ 0௡

௜ୀଵ  
2. ∑ 𝜆ଶ௜ ൌ 2𝑀௡

௜ୀଵ  
 
Proof. 1. We know that, the sum of spectra of𝐴஽ሺ𝐺஽ሻ  is zero. 

∴ 
∑ 𝜆௜ ൌ 0௡
௜ୀଵ . 

 
2. We have, 

෍𝜆ଶ௜ ൌ෍෍𝑑௜௝𝑑௜௝

௡

௝ୀଵ

௡

௜ୀଵ

௡

௜ୀଵ

 

ൌ෍𝑑௜௜
ଶ ൅෍𝑑௜௝

ଶ
௡

௜ஷ௝

௡

௜ୀଵ

 

 ൌ 0 ൅ 2෍𝑑௜௝
ଶ

௡

௜ஸ௝

 

ൌ 2M.                                                        
 
Where ∑ 𝑑௜௝

ଶ௡
௜ஸ௝ ൌ 2𝑀. 

 
Bounds for Derived Graphs Energy 
 
Similar to McClellands [11] bounds for energy of a graph, 
bounds for 𝜉ሺ𝐺஽ሻ are given in the following theorem; 
 
Theorem 4.1. Let 𝐺஽ be a derived graph of order n and size m. 
If 𝑃 ൌ  ∏  |𝜆|ଶ௡௡

௜ୀଵ  , then √ሺ2𝑀 ൅ 𝑛ሺ𝑛 െ 1ሻ𝑃ሻ ൑ 𝜉஽ሺ𝐺஽ሻ ൑
√ሺ2𝑀𝑛ሻ. 
 
Proof. We have Cauchy Schwarz inequality, which is; 

ሺ෍𝑎௜𝑏௜ሻଶ ൑

௡

௜ୀଵ

෍ሺ𝑎௜ሻଶ
௡

௜ୀଵ

෍ሺ𝑏௜ሻଶ
௡

௜ୀଵ

 

 
Let 𝑎௜  ൌ  1 and 𝑏௜  ൌ  |𝜆௜ | 
 
Hence, 

ሺ෍1. |𝜆௜|ሻଶ ൑

௡

௜ୀଵ

෍ሺ1ሻଶ.

௡

௜ୀଵ

෍ሺ|𝜆௜|ሻଶ
௡

௜ୀଵ

 

ሺ෍ |𝜆௜|ሻଶ ൑

௡

௜ୀଵ

𝑛෍ሺ|𝜆௜|ሻଶ
௡

௜ୀଵ

 

𝜉஽ሺ𝐺஽ሻ ൑  𝑛ሺ 2𝑀ሻ.                                                                (1) 
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Next, we know that 
1

nሺn െ  1ሻ 
෍|𝜆௜||𝜆௝| ൒ෑሺ|𝜆௜||𝜆௝|ሻ

ଵ
୬ሺ୬ ି ଵሻ 

௜ஷ௝௜ஷ௝

 

1
nሺn െ  1ሻ 

෍|𝜆௜||𝜆௝| ൒ෑሺ|𝜆௜|ሻ
ଶሺ௡ିଵሻ

ଵ
୬ሺ୬ ି ଵሻ 

௜ஷ௝௜ஷ௝

 

ଵ

୬ሺ୬ ି ଵሻ 
∑ |𝜆௜||𝜆௝| ൒ ∏ ሺ|𝜆௜|ሻ

మ
౤ ௜ஷ௝௜ஷ௝                                       (2) 

 

Put  ∏ ሺ|𝜆௜|ሻ
మ
౤ ௜ஷ௝ ൌ 𝑃 

∴ Equation 2 becomes; 
 

1
nሺn െ  1ሻ 

෍|𝜆௜||𝜆௝| ൒ 𝑃
௜ஷ௝

 

෍|𝜆௜||𝜆௝| ൒ nሺn െ  1ሻ 𝑃
௜ஷ௝

 

Now, 

𝜉஽ሺ𝐺஽ሻଶ ൌ  ෍ሺ|𝜆௜|ሻଶ
௡

௜ୀଵ

 

ൌ෍ሺ|𝜆௜|ሻଶ
௡

௜ୀଵ

൅෍|𝜆௜||𝜆௝|
௜ஷ௝

 

 𝜉஽ሺ𝐺஽ሻଶ ൒ 2𝑀 ൅ 𝑛ሺ𝑛 െ 1ሻ𝑃(4.3) 
 

Hence from 4.1 and 4.3 we have, 
 

√ሺ2𝑀 ൅ 𝑛ሺ𝑛 െ 1ሻ𝑃ሻ ൑ 𝜉஽ሺ𝐺஽ሻ ൑ √ሺ2𝑀𝑛ሻ. 
 

Theorem 4.2. If 𝜆ଵ is the largest eigenvalue of 𝐴஽ሺ𝐺஽ሻ, then  

𝜆ଵ  ൒  
ଶெ

௡
 . 

 

Proof. Let 𝑋 be any non-zero vector. Then by [15], We have 

𝜆ଵሺ𝐴ሻ ൌ  max௑ஷ଴ ቄ
௑′஺௑

௑′௑
ቅ. 

∴𝜆ଵ  ൒
௃′஺௃

௃′௃
ൌ  

ଶெ

௡
, where 𝐽 is a unit matrix ሾ1, 1, 1, . . . , 1ሿ. 

 

Similar to Koolen and Moultons [10] upper bound for energy 
of a graph, upper bound for 𝜉ெ஽ is given in the following 
theorem. 
 

Theorem 4.3. If 𝐺஽ is a derived graph with 𝑛 vertices and 𝑚 

edges and 𝐾 ൅  2𝑀 ൒  𝑛, then 𝜉஽ሺ𝐺஽ሻ ൑
ଶெ

௡
൅ √ሺሺn െ

1ሻሾ2M െ ቀ
 ଶ୑

୬
ቁ
ଶ
ሿ. 

 

Proof. We have Cauchy Schwarz inequality,  
 

ሺ෍𝑎௜𝑏௜ሻଶ ൑

௡

௜ୀଵ

෍ሺ𝑎௜ሻଶ
௡

௜ୀଵ

෍ሺ𝑏௜ሻଶ
௡

௜ୀଵ

 

 
Let 𝑎௜  ൌ  1 and 𝑏௜  ൌ  |𝜆௜ | 
 
Hence, 

ሺ෍1. |𝜆௜|ሻଶ ൑

௡

௜ୀଵ

෍ሺ1ሻଶ.

௡

௜ୀଵ

෍ሺ|𝜆௜|ሻଶ
௡

௜ୀଵ

 

ሾ𝜉஽ሺ𝐺஽ሻ െ 𝜆ଵሿଶ ൑ ሺn െ  1ሻሾ2M െ  𝜆ଵ
ଶሿ 

𝜉஽ሺ𝐺஽ሻ ൑ 𝜆ଵ ൅ √ሾሺn െ  1ሻൣ2M െ  𝜆ଵ
ଶ൧ሿ. 

Let 𝑓ሺ𝑥ሻ ൌ 𝑥 ൅ √ሾሺn െ  1ሻሾ 2M െ  𝑥ଶሿሿ 
 
For decreasing function 𝑓 ′ሺ𝑥ሻ ൑  0 

⇒ 1 െ
ሺn െ 1ሻx

√ሾሺn െ  1ሻሾ 2M െ  𝑥ଶሿሿ
൑  0 

⇒ x ൒ √ሾ
2M
n
ሿ 

 

Since  2𝑀 ൒  𝑛, we have √ሾ
ଶ୑

୬
ሿ ൑

ଶ୑

୬
൑ 𝜆ଵ 

∴ 𝑓ሺ𝑥ሻ ൑ 𝑓ሺ
ଶ୑

୬
ሻ 

 

That is, 𝜉஽ሺ𝐺஽ሻ ൑ 𝑓ሺ𝜆ଵሻ ൑ 𝑓ሺ
ଶ୑

୬
ሻ 

⇒ 𝜉஽ሺ𝐺஽ሻ ൑  𝑓ሺ
2M
n
ሻ 

⇒ 𝜉஽ሺ𝐺஽ሻ ൑
ଶெ

௡
൅ √ሺሺn െ 1ሻሾ2M െ ቀ

 ଶ୑

୬
ቁ
ଶ
ሿ. 

 
Conclusion 
 
In this article we established energy of derived graphs of some 
standard graphs like star graph, double star, complete bipartite 
graph, crown graph, friendship graph, healthy spider graph and 
cocktail party graph. Also, we determined upper bound and 
lower bound of energy of derived graphs. 
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