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Abstract 
 

In the present paper, this author will try to revisit the proof of my Riemann Hypothesis by extending the Taylor Series Approximation to the 
Laurent Series which is in fact can overcome the deficiencies in the divergence problem for the classical Riemann Zeta Function for the case of 0 
< s < 1. In addition, this author also introduces the multiplication factor of (1-2(1-s)) to the zeta function when combined with each other to form 
the Dirichlet Eta function and hence we may reuse nearly all of my previous papers’ computed results. Next this author also tries to optimize the 
Riemann Zeta Function’s empirical root model equation and compare with the inverse power index 2 and 3. It is shown that if we multiply a 
factor to the inner part of the cotangent function, then both of the empirical equations can be minimized while there may another parts for the 
maximization which may indeed constitute the business simplex method “primal & dual” problems. The last issue of this paper is to focus in the 
number theory, elliptical curves and elliptical functions together with the cryptography. In a simplified and less abstract language, there is a one-
to-one correspondence between the elliptical curves and the elliptical functions. Hence, in one way, we may solve the Weierstrass P function and 
establish the corresponding Fourier series with a suitable period and lattice such that we may get the essential congruence modular formula for 
the cryptography that has been shown in the Apostol and Washington’s books. On the other hand, from the respective elliptical curves, we may 
also obtain an algorithmic procedures (that will be shown in the section before conclusion) for solving the integral modular on the elliptical 
curves and thus establish the cryptography. In brief, the present paper will extend the proof for the Riemann Hypothesis for the case of 0 < s < 1. 
The paper also optimizes the empirical Riemann Zeta Root model equations. It also helps us to get an application in the field of elliptical curve 
cryptography from the proof of truth to the Riemann Hypothesis. 
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INTRODUCTION 

 
Since my first publication in the series about the Riemann Hypothesis, there are lots of discussion about my trials to the proof of 
the such hypothesis. In fact, the controversy lays in the fact that whether we – mathematicians should allow the application of 
Taylor Series approximation to the Riemann Zeta Function. Actually, in the present paper, this author will extend the Taylor Series 
approximation to the Laurent Series for the complex valued function with the negative power. Moreover, this author will also 
amend the proof of the power index in the Riemann Zeta Function for the case of 0 < s < 1 with the introduction of the multiple (1-
2(1-s)). Hence, it is hope that this author’s proof to Riemann Hypothesis will be more fully and completed for those interested 
readers when the present paper is compared with my series of previous papers.   
 
Mathematical Computational Details 
 

By considering up to the quadratic order of the Taylor Expansion for the Dirichlet Era function ∑
ିଵሺ೙షభሻ
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ஶ
௡ൌଵ  , we get: 
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With using the solve command for the Maple Soft, we have the following root model equations:  
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where the real part of the modeled u is: 
ሺଷ∗௔൅௫ሻ

ଶ∗ሺି௫൅௔ሻ
.  

 



In fact, for u = 
ଵ

ଶ
 or u = 

ଷ

ଶ
 when either  x → ∞ or a → ∞ respectively. This author notes that the square root part of the above two 

paired model answers is in fact a complex value after simplification, i.e. 
ଵ

ଶ
√1 െ 4𝑎𝐼𝜋. Hence, this author concludes that the model 

answer for the real part of the Dirichlet Eta function is either u = 
ଵ

ଶ
 or u = 

ଷ

ଶ
. In addition, the Dirichlet Eta function is well defined 

for all complex numbers s = u + vI even  for 0 < u < 1. The Eta function is only undefined for s = 1. Furthermore, the roots of the 
Eta function is just the same as the Zeta function as their equations are only different by an alternative (-1)n-1 or just ei(n-1)π 
although their root model equation may be quite different. However, the advantage of introducing the Dirichlet Eta function is: 
The Eta function is well defined even for 0 < s < 1 except x = 1. Hence, the Eta function is convenient for those interested to 
investigate the rooting properties of the true Riemann Zeta function.   
 
Use the Laurent Series to find the Riemann Zeta Non-Trivial Zeros’s Root Model Equation: 
 
With the application of the Laurent series to the Maple Soft 2024 Home Edition to the Riemann Zeta Function ∑ 1ஶ
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we may get the following result: 
 

1

𝑒൫ሺ௨൅௩∗ூሻ∗௟௡ሺ௔ሻ൯

െ
ሺ𝑢൅𝑣 ∗ 𝐼ሻ ∗ ሺ𝑥 െ 𝑎ሻ

൫𝑎 ∗ 𝑒൫ሺ௨൅௩∗ூሻ∗௟௡ሺ௔ሻ൯൯
൅
ቀ
ି൫ି௩మ൅ଶ∗ூ∗௨∗௩ି௩∗ூ൅௨మି௨൯

ሺଶ∗௔మሻ
൅

ሺ௨൅௩∗ூሻమ

௔మ
ቁ ∗ ሺ𝑥 െ 𝑎ሻଶ

𝑒൫ሺ௨൅௩∗ூሻ∗௟௡ሺ௔ሻ൯
൅
ቆ
ି൫ିଷ∗௨∗௩మ൅ଷ∗௩మ൅ଷ∗ூ∗௨మ∗௩ି௩య∗ூି଺∗ூ∗௨∗௩൅௨య൅ሺଶ∗௩ሻ∗ூିଷ∗௨మ൅ଶ∗௨൯

ሺ଺∗௔యሻ
൅

ቀ൫ି௩మ൅ଶ∗ூ∗௨∗௩ି௩∗ூ൅௨మି௨൯∗ሺ௨൅௩∗ூሻቁ

ሺଶ∗௔యሻ
െ

ቀ൫ଶ∗ூ∗௨∗௩൅௩∗ூ൅௨మି௩మ൅௨൯∗ሺ௨൅௩∗ூሻቁ

ሺଶ∗௔యሻ
ቇ ∗ ሺ𝑥 െ 𝑎ሻଷ

𝑒𝑥𝑝
൫ሺ𝑢൅𝑣

∗ 𝐼ሻ ∗ 𝑙𝑛ሺ𝑎ሻ൯൅. . .൅𝑂ሺሺ𝑥 െ 𝑎ሻ଺ሻ 

 
By employing the “solve” function from the Maple Soft, we may have:  
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we obtain the following root model equations: 
 

ቀെ𝑎 ∗ 𝑣 ∗ 𝐼൅𝑣 ∗ 𝑥 ∗ 𝐼 െ
ሺଷ∗௔ሻ

ଶ
൅

௫

ଶ
൅ඥሺ𝑎ଶ െ 6 ∗ 𝑎 ∗ 𝑥൅𝑥ଶሻ 2⁄ ቁ

ሺെ𝑥൅𝑎ሻ
,
൬െ𝑎 ∗ 𝑣 ∗ 𝐼൅𝑣 ∗ 𝑥 ∗ 𝐼 െ

ሺଷ∗௔ሻ

ଶ
൅

௫

ଶ
െ

ඥሺ௔మି଺∗௔∗௫൅௫మሻ

ଶ
൰

ሺെ𝑥൅𝑎ሻ
 

 
In fact, the real part of the above solved model answer is: 
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After simplifying, we have: 
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By taking limit for a → ∞ together with x → ∞ respectively, we may get the answer for the real part u in the root of the Riemann 
Zeta non-trivial zeros’ model: 
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Obviously, the above root model equations tell us that the real part of the non trivial zeta critical lines are just those lines centered 
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ଵ

ଶ
or x = 

ଷ

ଶ
with the width of 

ଵ

ଶ
. 

 
In reality, the above results are just the same as this author’s previous finding in my previous papers through applying the Taylor 

series and I will NOT repeat. (But in this author’s previous papers have missed to consider such geometric width ofേ
ଵ

ଶ
). 
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P*j+1 = [(1-t) – v*cot(j+1)] / {r *[(1-t)*cot(j+1)+v]} * Pj+1 
 
Hence by rearrange those terms, we have: 
 
P*j+1 = [Pj+1]*([(1-t) – v*cot(j+1)] / {r *[(1-t)*cot(j+1)+v]}) 
 
i.e. the difference between s = 1 or Pj+1, and s = (1-t) + v*I or P*j+1 is only by the factor of ([(1-t) – v*cot(j+1)] / {r *[(1-
t)*cot(j+1)+v]}). Or to transform the Pj+1 into P*j+1, we have to multiple the factor ([(1-t) – v*cot(j+1)] / {r *[(1-t)*cot(j+1)+v]}).  
Let W = ([(1-t) – v*cot(j+1)] / {r *[(1-t)*cot(j+1)+v]}) ------- (*”*) 
 
Next, we may have: 
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Prime j+1 -  Prime j = [(1/(1-t))*(-1/j)*(2Pj-1

* + 1/j)] / {[(Pj*)2(Pj-1
*)2 – [(Pj

*)2+ (Pj-1
*)2 ] + 1} 

But P*j+1 = [Pj+1]*W & s = (1-t)+vi, 
 

Prime j+1 – Prime j = {[-(ሺ1 െ 𝑡ሻ / |(1-t)|2)*(1/j)] (2W*Pj-1 + (1/j)])} / [W4(Pj)
2(Pj-1)

2 – W2[(Pj)
2 + (Pj-1)

2] + 1], or two methods 
produce the same expression result for the prime gap. 
 
In terms of s = (1-t) +v*I, we may get: 
 
Prime j+1 -  Prime j = [(1/(1-t))*(-1/j)*(2Pj-1

* + 1/j)] / {[(Pj*)2(Pj-1
*)2 – [(Pj

*)2+ (Pj-1
*)2 ] +       1} 

          -------- (******) 
Now suppose s = (1+t) + v*I, we may still get: (where 0 < t <1) 
 
Prime j+1 -  Prime j 
= [(1/(1+t))*(-1/j)*(2Pj-1

* + 1/j)] / {[(Pj*)2(Pj-1
*)2 – [(Pj

*)2+ (Pj-1
*)2 ] + 1} 

 
When t → 0,  
 
Prime j+1 -  Prime j = [(-1/j)*(2Pj-1

* + 1/j)] / {[(Pj*)2(Pj-1
*)2 – [(Pj

*)2+ (Pj-1
*)2 ] + 1} 

      
= [(-1/j)*(2Pj-1

* + 1/j)] / {[(Pj*)2(Pj-1
*)2 – [2*(Pj-1

*)2 + 2 (1/j)*(Pj-1
*) + (1/j)2]  

= [(-1/j)*(2Pj-1
* + 1/j)] / {[(Pj*)2(Pj-1

*)2 – [2*(Pj-1
*) (Pj-1

* - (1/j)) + (1/j)2] 
 
When Pj-1

* = (1/j),  
 
Prime j+1 -  Prime j = [(-1/j)*(2Pj-1

* + 1/j)] / {[(Pj
*)2(Pj-1

*)2 - (1/j)2} 
   = -3(1/j)2 / {[(Pj*)(Pj-1

*) - (1/j)][(Pj*)(Pj-1
*) + (1/j)]}   

   = -3 (1/j)2 / [4(1/j)4 – (1/j)2] 
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   = -3 / [4(1/j)2 -1] .൑ െ
ଷ

ସቀ
భ
ೕቁ
మ .൑ െ

ଷ

ସ
 when j → 1 

But when j → ∞, Prime j+1 -  Prime j = 3. 

i.e.  Prime j+1 -  Prime j.൑ െ
ଷ

ସ
 and Prime j+1 -  Prime j.⩽ 3 

 

Or for the case s = 1 േ𝑡,  Prime j+1 -  Prime j.൑ െ
ଷ

ସ
 when t → 0, which is obviously a contradiction to the fact that the prime gap 

should be greater than zero and tends to a very large value but NOT a fractional value. This is because of the assumption to the all 
kinds of Riemann Zeta equivalent function equations will also be satisfied by the ξ(1) which is divergent as listed in the beginning. 
In fact, when the de-nominator attains its minimum, then the prime gap gets its maximum value, hence, we differentiate the above 
implicit equations by Chain Rule and set the result equals to zero for the minimum values， 
 

  
డ௙ሺ௪ሻ

డ௞
 = 

డ௙ሺ௪ሻ

డ௪
 * 

డ௪

డ௞
 

 

Then let f(W) = W4*Pj
2*Pj-1

2 – W2*[Pj
2 + Pj-1

2] + 1, 
డ௙ሺ௪ሻ

డ௪
, this gives us: 

 

     = {4W3*[(Pj
2)(Pj-1

2)] – 2W*[Pj
2 + Pj-1

2]}*
డ௪

డ௞
 

 
Also, we need to approximate W in (*”*) by Taylor series and then differentiate W with respect to k (or replaced by x) and taking 
the limit u → 1-t in the mathematical computation, we may finally have: 
 
Prime j+1 – Prime j = {[-1 / ((1-t) + vi)*j]* (1/j)]} 
            = {[-1 / ((1-t) + vi)*j]* (1/j)]} 
 
Hence, the computed prime gap is obviously in a complex number format but the result should theoretically be an integer or 
greater than zero.  
 
In fact, for  
 
1/Prime j+1 = [1 – 1/(Pj*)2]1/(1-t), Prime j+1 = [(Pj*)2/((Pj*)2-1)] 1/(1-t) 
ln (Prime j+1) = [1/(1-t)] ln [(Pj*)2/((Pj*)2-1)] 
ln (Prime j) = [1/(1-t)] ln [(Pj-1*)2/((Pj-1*)2-1)] 
ln (Prime j+1) - ln (Prime j) = [1/(1-t)] [ln (Pj*)2- ln ((Pj*)2-1)] - [1/(1-t)] [ln (Pj-1*)2 – ln ((Pj-1*)2-1)] 
    = 1/(1-t) {ln [(Pj*)2/((Pj*)2-1)] – ln [(Pj-1*)2/((Pj-1*)2-1)]} 
ln [(Prime j+1)/(Prime j)] = 1/(1-t) ln [(Pj*)2/((Pj*)2-1) . ((Pj-1*)2-1)/(Pj-1*)2] 
   .൑.1/(1-t) ln [((Pj*)2-1)/((Pj*)2-1) . (Pj*)2/(Pj-1*)2] 
   .൑.1/(1-t) ln (Pj*)2/(Pj-1*)2 = ln (1/j)2/(1-t) 
 
When j→∞, 1/j→0, hence [(Prime j+1)/(Prime j)] .൑.0.   
 
Thus, we have shown that the prime gap for the case of the index power s is smaller than one. However, in the above first proof 
for s = (1-t) + vi, we have just shown that for j tends to infinity, the prime gap tends to zero. But actually the prime gap should be 
greater than zero. Therefore, the contradiction occurs due to the assump tion that (1 െ 2ଵିሺଵି௧ሻ)ξ(1-t) satisfies all of the Riemann 
Zeta equations (*****). Actually, the prime gap is independent of the integral ZFC, we may need to check whether there may be a 
continuum structure by the concept of forcing that uses countable transitive models – ctm – of ZFC or the disproof counter 
example to the continuum as shown in my amended master thesis, 2015. Thus, this author may propose that there may be some 
number system rather than ZFC where the Riemann Hypothesis should be true and some other number system that the Riemann 
Hypothesis should be false. Or there may need to have a 3-dimensional complex number system which is impossible! Instead, we 
may have the n-dimensional complex vector space. By taking u = 1-t, we may have: 
 

As W = 
ሺሾሺଵି௧ሻି௩∗௖௢௧ሺ௫+ଵሻሿሻ

ሺ௥∗ሾሺଵି௧ሻ∗௖௢௧ሺ௫+ଵሻ+௩ሿሻ
, 

 
డௐ

డ௫
= 
൫ൣି௩∗൫ିଵି௖௢௧ሺ௫+ଵሻమ൯൧൯

ሺ௥∗ሾሺଵି௧ሻ∗௖௢௧ሺ௫+ଵሻ+௩ሿሻ
െ

ሾሺଵି௧ሻି௩∗௖௢௧ሺ௫+ଵሻሿ∗ሾ଴ሿ+௥∗ൣሺଵି௧ሻ∗൫ିଵି௖௢௧ሺ௫+ଵሻమ൯൧

௥∗ሾሺଵି௧ሻ∗௖௢௧ሺ௫+ଵሻ+௩ሿమ
 

 

= 
൫ൣି௩∗ሺିଵሻ௖௦௖మሺ௫+ଵሻ൧൯∗ሺ௥∗ሾሺଵି௧ሻ∗௖௢௧ሺ௫+ଵሻ+௩ሿሻିሾሺଵି௧ሻି௩∗௖௢௧ሺ௫+ଵሻሿ∗ቂሾ଴ሿ+௥∗ൣሺଵି௧ሻ∗൫ିଵି௖௢௧ሺ௫+ଵሻమ൯൧ቃ

௥∗ሾሺଵି௧ሻ∗௖௢௧ሺ௫+ଵሻ+௩ሿమ
 

 

= 
൫ൣି௩∗ሺିଵሻ∗௖௦௖మሺ௫+ଵሻ൧൯∗ሺ௥∗ሾሺଵି௧ሻ∗௖௢௧ሺ௫+ଵሻ+௩ሿሻିሾሺଵି௧ሻି௩∗௖௢௧ሺ௫+ଵሻሿ∗௥∗ൣሺଵି௧ሻ∗ሺିଵሻ∗௖௦௖మሺ௫+ଵሻ൧

௥∗ሾሺଵି௧ሻ∗௖௢௧ሺ௫+ଵሻ+௩ሿమ
 

 

= 𝑐𝑠𝑐ଶሺ𝑥+1ሻ
ቂൣ௩൫௥ሺ௨௖௢௧ሺ௫+ଵሻ+௩ሻ൯൧ିሾ௨ି௩௖௢௧ሺ௫+ଵሻሿ∗ሺି௥௨ሻቃ

௥∗ሾ௨∗௖௢௧ሺ௫+ଵሻ+௩ሿమ
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= 
௥൫ሺଵି௧ሻమ+௩మ൯௖௦௖మሺ௫+ଵሻ

௥∗ሾሺଵି௧ሻ∗௖௢௧ሺ௫+ଵሻ+௩ሿమ
 = 

൫ሺଵି௧ሻమ൯௖௦௖మሺ௫+ଵሻ

ሾሺଵି௧ሻ∗௖௢௧ሺ௫+ଵሻ+௩ሿమ
 

 
 

For 
డௐ

డ௫
 = 0, we may have 𝑐𝑠𝑐ଶሺ𝑥+1ሻ = 0 or 𝑐𝑜𝑡ଶሺ𝑥+1ሻ=െ 1 

i.e. 𝑐𝑜𝑡ሺ𝑥+1ሻ= േ 𝐼. And by continuing the solving procedure, we get: 
 

If x = 
ଵ

ଶ
, then Prime j+1 – Prime j = 

ቀ
భ
ೞቁቀ

భ
ೕቁቆሺଶሻቀ

భ
√మ
ቁ൫௉ೕషభ൯+ቀ

భ
ೕቁቇ

ቀ
భ
మቁቀ

భ
మቁ௉ೕ

మ௉ೕషభ
మ ିቂ

భ
మ
௉ೕ
మ+

భ
మ
௉ೕషభ
మ ቃ+ଵ

. 

 
By taking limit j tends to infinity and (1 / 1 + (�)) ≤ Pj � (1 / ��(�)),  
[W4(Pj)

2(Pj-1)
2 – W2[(Pj)

2 +(Pj-1)
2] + 1] tends to 1 and 2W* Pj-1 tends to zero. 

 
The final result of the prime gap will still be a complex number as the prime gap equal to: 

Primej – Prime j-1 = {[-1 / ((1-t)+vI)*j]* (1/j)]} = 
ିଵ

൫ሺଵି௧ሻ+௩ூ൯
 

 
which is still a complex number or a contradiction. There is a similar outcome for  

x = െ
ଵ

ଶ
, this author will NOT repeat. 

 
A Fine Adjustment to the Riemann Zeta Root Model Equation 
 

It is no doubt that this author have already found a Riemann Zeta (Function)’s Root Model Equation -- 0.5 േ
ସ௖௢௧൫௟௡ሺ௫ሻ൯

ሺ௫൅ଵሻమ
𝑖. 

However, the root model equation subjects to the deficiencies of the essential coefficients and is just an empirical one. In reality, 
convex optimization is famous for its usage in the filter design as well as the feedback controller but the focus of the present paper 
is not in the research of digital signal processing or electronic engineering. Hence, we may obtain the respective coefficients for 

the present empirical Riemann Zeta (Function)’s Root Model Equation -- 0.5 േ
ସ௖௢௧൫௟௡ሺ௫ሻ൯

ሺ௫൅ଵሻమ
𝑖.  

 
The following are the practically results (with a brief description for the procedure or how) that may be gained from the licensed 
Maple Soft Personal Edition 2022: 
 
I. Manually “Try & Error” Method For the Convergence  
 

First, we may use “fsolve” command in Maple to find the convergence between the zeta root model equation 0.5 േ
ସ௖௢௧൫௟௡ሺ௫ሻ൯

ሺ௫൅ଵሻమ
𝑖 and 

the first ten non-trivial zeta root zeros polynomial – 0.0004319x9 – 0.02216x8 + 0.4869x7 – 5.986x6 + 45.1x5 – 214.5x4 + 638.4x3 – 
1134x2 + 1080x – 395.2  
 

input: fsolve((( 
ସ௖௢௧ቀ

మሺೣషభሻ
ሺೣ൅భሻ ቁ

ሺ௫൅ଵሻమ
 ) - (0.0004319x9 – 0.02216x8 + 0.4869x7 – 5.986x6 + 45.1x5 – 214.5x4 + 638.4x3 – 1134x2 + 1080x – 

395.2), x, 0, infinity) 
output: 0.7948976085 
 

input: fsolve((( 
ସ௖௢௧ቀ

మሺೣషభሻ
ሺೣ൅భሻ ቁ

଴.଴ହሺ௫൅ଵሻమ
 ) - (0.0004319x9 – 0.02216x8 + 0.4869x7 – 5.986x6 + 45.1x5 – 214.5x4 + 638.4x3 – 1134x2 + 1080x – 

395.2), x, 0, infinity) 
output: 0.5618354841 
 

input: fsolve((( 
ସ௖௢௧ቀ

మሺೣషభሻ
ሺೣ൅భሻ ቁ

଴.଴଴଴଴଴ଵ଴ଶସሺ௫൅ଵሻమ
 ) - (0.0004319x9 – 0.02216x8 + 0.4869x7 – 5.986x6 + 45.1x5 – 214.5x4 + 638.4x3 – 1134x2 + 

1080x – 395.2), x, 0, infinity) 
output: 0.1202265952 
 
We observe that the difference between the zeta root model equation and the first ten zeta zeros polynomial or the convergence 
drops dramatically from 0.7 to 0.1 when the coefficient of the term (x+1)2 approaches to zero. In other words, the coefficient of 
(x+1)2 may be the source of discrepancy. The larger the value of the coefficient in (x+1)2, the greater will be the discrepancy. 
Indeed, the coefficient of (x+1)2 is just the source of error to the convergence between these two equations or the empirical 

equation 
ସ

ሺ௫൅ଵሻమ
𝑐𝑜𝑡 ቀ

ଶሺ௫ିଵሻ

ሺ௫൅ଵሻ
ቁ. We may finely adjust the convergence error by adding a significantly small value as the coefficient of 
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(x+1)2 to greatly reduce the discrepancy. i.e. One of the feasible zeta root model equation may be: 0.5 േ
ସ௖௢௧൫௟௡ሺ௫ሻ൯

ఋሺ௫൅ଵሻమ
𝑖 where δ tends 

to zero. Or the limit of 
ସ௖௢௧൫௟௡ሺ௫ሻ൯

ሺ௫൅ଵሻమ
 is just the (first ten) non-trivial zeta roots polynomial. That says, 

𝑙𝑖𝑚௫→ஶ
ସ௖௢௧൫௟௡ሺ௫ሻ൯

ሺ௫൅ଵሻమ
=  0.0004319x9 – 0.02216x8 + 0.4869x7 – 5.986x6 + 45.1x5 – 214.5x4 + 638.4x3 – 1134x2 + 1080x – 395.2 

 

This limit implies that 
ସ௖௢௧൫௟௡ሺ௫ሻ൯

ሺ௫൅ଵሻమ
 is just an empirical equation for the imaginary part of the zeta root model equation or may be the 

best model equation under a certain constrained conditions. Thus we may assume that the true root model equation should be: 
 

    
ఉ௖௢௧൫௟௡ሺ௫ሻ൯

ሺఈ௫൅ଵሻ೙
. 

 
In fact, we may employ the similar convergence method to optimize the above zeta root model equation such that the difference 

between 
ఉ௖௢௧൫௟௡ሺ௫ሻ൯

ሺఈ௫൅ଵሻ೙
 and the (first ten) non-trivial zeta interpolation polynomial tends to be a minimum (or maximum) etc. 

Practically, we may apply the Lagrange Multiplier method to solve the above prescribed optimization problem. In reality, one of 
the application for the present optimization is in the field of biological & medicinal man-made vaccine development (or the 
optimal mutation point for the feasible virus such as COVID-19 & influenza evolution etc) which is an interesting issue. The 
following described may act as an important procedure and reference for the above artificial vaccine making. 
 
II. Manually (Trial & Error) Optimization Tuning 
 
Next, we may proceed to the optimization for the difference between the Zeta root model equation and the first ten roots’ 
interpolation polynomial. This author will apply the optimization method (or the Lagrange Multiplier way) of the Maple Soft to 
fine tune the root model equation. At the same time, this author will also employ the manual bisectional adjustment method in the 
search scheme for a primal or dual (maximum or minimum) sets of coefficients. 
 
In reality, by continuing multiply a factor of 2n to the inner coefficient equals to value of 126 for the term cotangent, we may get 
the minimum of x equals to 0.128 by the method of trial and error: 
 

𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሾ𝑀𝑖𝑛𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሿ ቈ
4

ሺ𝑥൅1ሻଶ
∗ 𝑐𝑜𝑡 ቆ

ሺ𝑥 െ 1ሻ
ሺ𝑥൅1ሻ

ቇ

െ ൬
7

17280
∗ 𝑥ଽ െ

167
8064

∗ 𝑥଼൅
9133

20160
∗ 𝑥଻ െ

15953
2880

∗ 𝑥଺൅
238957

5760
∗ 𝑥ହ െ

225833
1152

∗ 𝑥ସ൅
313033

540
∗ 𝑥ଷ െ

1146773
1120

∗ 𝑥ଶ൅
816371

840
∗ 𝑥 െ 354൰቉ , 𝑥ൌ െ 50. .1 

 
Answer: [-1.16847467496693*10^8, [x = 0.999999982883666]] 
 

𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሾ𝑀𝑖𝑛𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሿ ቈ
4

ሺ𝑥൅1ሻଶ
∗ 𝑐𝑜𝑡 ቆ

64ሺ𝑥 െ 1ሻ
ሺ𝑥൅1ሻ

ቇ

െ ൬
7

17280
∗ 𝑥ଽ െ

167
8064

∗ 𝑥଼൅
9133

20160
∗ 𝑥଻ െ

15953
2880

∗ 𝑥଺൅
238957

5760
∗ 𝑥ହ െ

225833
1152

∗ 𝑥ସ൅
313033

540
∗ 𝑥ଷ െ

1146773
1120

∗ 𝑥ଶ൅
816371

840
∗ 𝑥

െ 354൰቉ , 𝑥ൌ െ 50. .1 

 
Answer: [-3.51843720888460*10^13, [x = 1.]] 
 

𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሾ𝑀𝑖𝑛𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሿ ቈ
4

ሺ𝑥൅1ሻଶ
∗ 𝑐𝑜𝑡 ቆ

96ሺ𝑥 െ 1ሻ
ሺ𝑥൅1ሻ

ቇ

െ ൬
7

17280
∗ 𝑥ଽ െ

167
8064

∗ 𝑥଼൅
9133

20160
∗ 𝑥଻ െ

15953
2880

∗ 𝑥଺൅
238957

5760
∗ 𝑥ହ െ

225833
1152

∗ 𝑥ସ൅
313033

540
∗ 𝑥ଷ െ

1146773
1120

∗ 𝑥ଶ൅
816371

840
∗ 𝑥

െ 354൰቉ , 𝑥ൌ െ 50. .1 

 
Answer: [-4.69124961184567*10^13, [x = 1.]] 
 

𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሾ𝑀𝑖𝑛𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሿ ቈ
4

ሺ𝑥൅1ሻଶ
∗ 𝑐𝑜𝑡 ቆ

103ሺ𝑥 െ 1ሻ
ሺ𝑥൅1ሻ

ቇ

െ ൬
7

17280
∗ 𝑥ଽ െ

167
8064

∗ 𝑥଼൅
9133

20160
∗ 𝑥଻ െ

15953
2880

∗ 𝑥଺൅
238957

5760
∗ 𝑥ହ െ

225833
1152

∗ 𝑥ସ൅
313033

540
∗ 𝑥ଷ െ

1146773
1120

∗ 𝑥ଶ൅
816371

840
∗ 𝑥

െ 354൰቉ , 𝑥ൌ െ 50. .1 

 
Answer: [-2.14458989343445*10^6, [x = 0.885010932207843]] 

𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሾ𝑀𝑖𝑛𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሿ ቈ
4

ሺ𝑥൅1ሻଶ
∗ 𝑐𝑜𝑡 ቆ

120ሺ𝑥 െ 1ሻ
ሺ𝑥൅1ሻ

ቇ

െ ൬
7

17280
∗ 𝑥ଽ െ

167
8064

∗ 𝑥଼൅
9133

20160
∗ 𝑥଻ െ

15953
2880

∗ 𝑥଺൅
238957

5760
∗ 𝑥ହ െ

225833
1152

∗ 𝑥ସ൅
313033

540
∗ 𝑥ଷ െ

1146773
1120

∗ 𝑥ଶ൅
816371

840
∗ 𝑥 െ 354൰቉ , 𝑥ൌ െ 50. .1 
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Answer: [-1.96689921175741*10^6, [x = 0.810413891279105]] 
 

𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሾ𝑀𝑖𝑛𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሿ ቈ
4

ሺ𝑥൅1ሻଶ
∗ 𝑐𝑜𝑡 ቆ

126ሺ𝑥 െ 1ሻ
ሺ𝑥൅1ሻ

ቇ

െ ൬
7

17280
∗ 𝑥ଽ െ

167
8064

∗ 𝑥଼൅
9133

20160
∗ 𝑥଻ െ

15953
2880

∗ 𝑥଺൅
238957

5760
∗ 𝑥ହ െ

225833
1152

∗ 𝑥ସ൅
313033

540
∗ 𝑥ଷ െ

1146773
1120

∗ 𝑥ଶ൅
816371

840
∗ 𝑥 െ 354൰቉ , 𝑥ൌ െ 50. .1 

 
Answer:[-2.70699098327853*10^6, [x = 0.128075145828693]] 
 

𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሾ𝑀𝑖𝑛𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሿ ቈ
4

ሺ𝑥൅1ሻଶ
∗ 𝑐𝑜𝑡 ቆ

128ሺ𝑥 െ 1ሻ
ሺ𝑥൅1ሻ

ቇ

െ ൬
7

17280
∗ 𝑥ଽ െ

167
8064

∗ 𝑥଼൅
9133

20160
∗ 𝑥଻ െ

15953
2880

∗ 𝑥଺൅
238957

5760
∗ 𝑥ହ െ

225833
1152

∗ 𝑥ସ൅
313033

540
∗ 𝑥ଷ െ

1146773
1120

∗ 𝑥ଶ൅
816371

840
∗ 𝑥 െ 354൰቉ , 𝑥ൌ െ 50. .1 

 
Answer: [-108189.944004466, [x = 0.781390351828491]] 
 
Obviously, x attains its minimum at 126 and then rise its value again. 
 

Then we may compare the above empirical Riemann Zeta Function model equation 
ସ௖௢௧൫௟௡ሺ௫ሻ൯

ሺ௫൅ଵሻమ
with the case

ସ௖௢௧൫௟௡ሺ௫ሻ൯

ሺ௫൅ଵሻయ
, we may 

have: 

𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሾ𝑀𝑖𝑛𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሿ ቈ
4

ሺ𝑥൅1ሻଷ
∗ 𝑐𝑜𝑡 ቆ

4ሺ𝑥 െ 1ሻ
ሺ𝑥൅1ሻ

ቇ

െ ൬
7

17280
∗ 𝑥ଽ െ

167
8064

∗ 𝑥଼൅
9133

20160
∗ 𝑥଻ െ

15953
2880

∗ 𝑥଺൅
238957

5760
∗ 𝑥ହ െ

225833
1152

∗ 𝑥ସ൅
313033

540
∗ 𝑥ଷ െ

1146773
1120

∗ 𝑥ଶ൅
816371

840
∗ 𝑥 െ 354൰቉ , 𝑥ൌ െ 50. .1 

 
Answer: [-6.79657163760862*106, [x = 0.999999963216672]] 
 

𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሾ𝑀𝑖𝑛𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሿ ቈ
4

ሺ𝑥൅1ሻଷ
∗ 𝑐𝑜𝑡 ቆ

256ሺ𝑥 െ 1ሻ
ሺ𝑥൅1ሻ

ቇ

െ ൬
7

17280
∗ 𝑥ଽ െ

167
8064

∗ 𝑥଼൅
9133

20160
∗ 𝑥଻ െ

15953
2880

∗ 𝑥଺൅
238957

5760
∗ 𝑥ହ െ

225833
1152

∗ 𝑥ସ൅
313033

540
∗ 𝑥ଷ െ

1146773
1120

∗ 𝑥ଶ൅
816371

840
∗ 𝑥 െ 354൰቉ , 𝑥ൌ െ 50. .1 

 
Answer: [-743105.944465381, [x = 0.952088533573994]] 
 

𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሾ𝑀𝑖𝑛𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሿ ቈ
4

ሺ𝑥൅1ሻଷ
∗ 𝑐𝑜𝑡 ቆ

1024ሺ𝑥 െ 1ሻ
ሺ𝑥൅1ሻ

ቇ

െ ൬
7

17280
∗ 𝑥ଽ െ

167
8064

∗ 𝑥଼൅
9133

20160
∗ 𝑥଻ െ

15953
2880

∗ 𝑥଺൅
238957

5760
∗ 𝑥ହ െ

225833
1152

∗ 𝑥ସ൅
313033

540
∗ 𝑥ଷ െ

1146773
1120

∗ 𝑥ଶ൅
816371

840
∗ 𝑥 െ 354൰቉ , 𝑥ൌ െ 50. .1 

 
Answer: [-1842.71213128505, [x = 0.684712613636625]] 
 

𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሾ𝑀𝑖𝑛𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሿ ቈ
4

ሺ𝑥൅1ሻଷ
∗ 𝑐𝑜𝑡 ቆ

2048ሺ𝑥 െ 1ሻ
ሺ𝑥൅1ሻ

ቇ

െ ൬
7

17280
∗ 𝑥ଽ െ

167
8064

∗ 𝑥଼൅
9133

20160
∗ 𝑥଻ െ

15953
2880

∗ 𝑥଺൅
238957

5760
∗ 𝑥ହ െ

225833
1152

∗ 𝑥ସ൅
313033

540
∗ 𝑥ଷ െ

1146773
1120

∗ 𝑥ଶ൅
816371

840
∗ 𝑥 െ 354൰቉ , 𝑥ൌ െ 50. .1 

 
Answer: [-1.94156446897192*106, [x = 0.158005915456556]] 
 
It seems that when the inner multiply coefficient of the cotangent equals to 2048, the value of x will attain its minimum at 0.158 
together with y = -1.94156*106. In practice, both of the empirical Riemann Zeta function’s root model equations have similar 

paired values of minimum but the factor for the inner coefficient of the cotangent is much larger for the case of 
ସ௖௢௧൫௟௡ሺ௫ሻ൯

ሺ௫൅ଵሻయ
. This 
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author thus proposes that both 0.5 േ
ସ௖௢௧ቀଵଶ଺∗൫௟௡ሺ௫ሻ൯ቁ

ሺ௫൅ଵሻమ
𝐼 and 0.5 േ

ସ௖௢௧ቀଶ଴ସ଼∗൫௟௡ሺ௫ሻ൯ቁ

ሺ௫൅ଵሻయ
𝐼 are two of the infinite many Riemann Zeta 

function’s root of optimized model equations.  
 
(N.B. Certainly, we may also have the so-called business simplex method, the dual part of optimization for a maximization of the 
aforementioned two optimized equations which is out the focus of the present research.) 
 
III. Machine or Artificial Intelligence Assistant Tuning 
 
In fact, by using the Maple Soft 2024 Personal Edition’s Machine or Artificial Intelligence Assistant Tuning (i.e. the interactive 
optimization), we may obtain the answer as:  

[-14763.3510438745, [x = 0.431549299239719]] for the case of 0.5 േ
ସ௖௢௧ቀ൫௟௡ሺ௫ሻ൯ቁ

ሺ௫൅ଵሻమ
𝐼. 

[-8341960.84196029, [x = -1.03677214973746]] for the case of 0.5 േ
ସ௖௢௧ቀଵ଴ଶସ∗൫௟௡ሺ௫ሻ൯ቁ

ሺ௫൅ଵሻమ
𝐼 

 
It seems that there are differences in the answer obtained between the two optimized root model equations. In fact, the interactive 
assistant seems to be more convenient then the manually input to the command line of the Maple software as everything will be 
guided in the interactive assistant which may be suitable for those elementary users. On the other hand, the command line prompt 
may be suitable for those immediate to the advanced users with more flexibilities of inputing Maple commands. 
 
An Interested Elliptical Discriminant for the Riemann Hypothesis Inequality 
 
Consider the following Riemann Hypothesis Number Theory Equation: 
 

෍
𝑥ఘ

𝜌
ఘ

൅𝑙𝑛ሺ2𝜋ሻ൅
1
2
𝑙𝑛ሺ1 െ 𝑥ିଶሻൌ0 

 

ቚቀ∑
௫ഐ

ఘఘ ቁቚ= ቚെ ൬𝑙𝑛ሺ2𝜋ሻ൅
ଵ

ଶ
𝑙𝑛ሺ1 െ 𝑥ିଶሻ൰ቚ 

 

= 𝑙𝑛 ቆ2𝜋ට1 െ
ଵ

௫మ
ቇ  

In addition,  |ሺ𝜓ሺ𝑥ሻ െ 𝑥ሻ| = 𝑙𝑛 ቆ2𝜋ට1 െ
ଵ

௫మ
ቇ    ----- (1) 

 
According to Schoenfeld in 1976, we may have: 
 

|ሺటሺ௫ሻି௫ሻ|

ห൫గሺ௫ሻି௟௜ሺ௫ሻ൯ห
.൏.

భ
ఴഏ√௫௟௢௚

మሺ௫ሻ
భ
ఴഏ√௫௟௢௚ሺ௫ሻ

= 𝑙𝑜𝑔ሺ𝑥ሻ 

 
Or we may have: 

ห൫𝜋ሺ𝑥ሻ െ 𝑙𝑖ሺ𝑥ሻ൯ห=  
อ൭௟௡ቆଶగටଵି

భ
ೣమ
ቇ൱อ

௟௢௚ሺ௫ሻିெభ
                      -----(2) 

 

For 
ଵ

଼గ
√𝑥𝑙𝑜𝑔ଶሺ𝑥ሻ - |ሺ𝜓ሺ𝑥ሻ െ 𝑥ሻ| + M2 = 0                      ----- (3) 

 

For 
ଵ

଼గ
√𝑥𝑙𝑜𝑔ሺ𝑥ሻ - ห൫𝜋ሺ𝑥ሻ െ 𝑙𝑖ሺ𝑥ሻ൯ห +M3 = 0       ----- (4) 

 
(3) – (4), we may have to consider the following quadratic equation: 
 
ଵ

଼గ
√𝑥𝑙𝑜𝑔ଶሺ𝑥ሻ- 

ଵ

଼గ
√𝑥𝑙𝑜𝑔ሺ𝑥ሻ - |ሺ𝜓ሺ𝑥ሻ െ 𝑥ሻ| + ห൫𝜋ሺ𝑥ሻ െ 𝑙𝑖ሺ𝑥ሻ൯ห + M2 -  M3 = 0 

 
Substituting (1) & (2) into the above equation, we get: 

ଵ

଼గ
√𝑥𝑙𝑜𝑔ଶሺ𝑥ሻ- 

ଵ

଼గ
√𝑥𝑙𝑜𝑔ሺ𝑥ሻ - 𝑙𝑛 ቆ2𝜋ට1 െ

ଵ

௫మ
ቇ + 

อ൭௟௡ቆଶగටଵି
భ
ೣమ
ቇ൱อ

௟௢௚ሺ௫ሻିெభ
 + M2 -  M3 = 0 

 
Or  
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ଵ

଼గ
√𝑥𝑙𝑜𝑔ଷሺ𝑥ሻ- 

ଵ

଼గ
√𝑥𝑙𝑜𝑔ଶሺ𝑥ሻ - 𝑙𝑛 ቆ2𝜋ට1 െ

ଵ

௫మ
ቇ 𝑙𝑜𝑔ሺ𝑥ሻ + 𝑙𝑛 ቆ2𝜋ට1 െ

ଵ

௫మ
ቇ - 

ଵ

଼గ
𝑀ଵ√𝑥𝑙𝑜𝑔ଶሺ𝑥ሻ + 

ଵ

଼గ
𝑀ଵ√𝑥𝑙𝑜𝑔ሺ𝑥ሻ + 

𝑀ଵ𝑙𝑛 ቆ2𝜋ට1 െ
ଵ

௫మ
ቇ + (M2 – M3) (𝑙𝑜𝑔ሺ𝑥ሻ െ 𝑀ଵ) = 0 

 
Then, this author employs the Maple Soft to approximate (as some terms may be neglected) and optimize the above equation by: 

𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሾ𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒ሿ ቆඥሺ𝑥ሻ ∗
𝑙𝑛ሺ𝑥ሻଷ

ሺ8 ∗ 𝑃𝑖 ∗ 𝑙𝑛ሺ10ሻଷሻ
െ ඥሺ𝑥ሻ ∗

𝑙𝑛ሺ𝑥ሻଶ

ሺ8 ∗ 𝑃𝑖 ∗ 𝑙𝑛ሺ10ሻଶሻ
െ 𝑙𝑛ሺ2 ∗ ሺ𝑀൅1ሻ ∗ 𝑃𝑖ሻ

∗ 𝑙𝑜𝑔ሺ𝑥ሻ൅𝑙𝑛ሺ2 ∗ ሺ𝑀൅1ሻ ∗ 𝑃𝑖ሻ, 𝑥ൌ1. .5000ቇ 

 
We get the point: (x = 1162.48662088001, y = -129.806423440223853, M = 2.48004159219448*1010)  such that the equation (3) 
meets the equation (4) at that (optimized) minimum point. But y is a  negative value (an abnormal result) which may imply that 
there may be a possibility both of the Schoenfeld inequality for the Riemann Hypothesis will fail. This is because the conditional 
subjection end-point or the critical one may be approximately equal to 𝑥ൌ1162 but neither what the inequalities may suggest to be 
x > 2657 nor x > 73.2. Therefore, this author proposes that the above case may be considered as a counter example for the disproof 
to the Riemann Hypothesis. 
  
To be precise, one may also find the inflection point for the optimization (maximize the minimum) of the following equation: 
 

ඥሺ𝑥ሻ ∗
𝑙𝑛ሺ𝑥ሻଷ

ሺ8 ∗ 𝑃𝑖 ∗ 𝑙𝑛ሺ10ሻଷሻ
െ

𝑙𝑛ሺ𝑥ሻଶ ∗ ඥሺ𝑥ሻ
ሺ8 ∗ 𝑃𝑖 ∗ 𝑙𝑛ሺ10ሻଶሻ

െ 𝑙𝑛൫ሺ𝑀൅1ሻ ∗ 𝑃𝑖൯ ∗ 𝑙𝑜𝑔ሺ𝑥ሻ൅𝑙𝑛൫ሺ𝑀൅1ሻ ∗ 𝑃𝑖൯ െ 𝑘 ∗ ඥሺ𝑥ሻ

∗
𝑙𝑛ሺ𝑥ሻଶ

ሺ8 ∗ 𝑃𝑖 ∗ 𝑙𝑛ሺ10ሻଶሻ
൅𝑘 ∗ ඥሺ𝑥ሻ ∗

𝑙𝑛ሺ𝑥ሻ
ሺ8 ∗ 𝑃𝑖 ∗ 𝑙𝑛ሺ10ሻ%ுሻ

൅𝑘 ∗ 𝑙𝑛൫ሺ𝑀൅1ሻ ∗ 𝑃𝑖൯൅ሺ𝑙 െ 𝑗ሻሺ𝑙𝑜𝑔ሾ10ሿሺ𝑥ሻ െ 𝑘ሻ 

 
When we select l = 320, j = 160 & k = 6.4725, then we may find the corresponding point: 
 

𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሾ𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒ሿ

⎝

⎜⎜
⎛

⎝

⎜
⎛
൮ඥሺ𝑥ሻ ∗

𝑙𝑛ሺ𝑥ሻଷ

ሺ8 ∗ 𝑃𝑖 ∗ 𝑙𝑛ሺ10ሻଷሻ
െ

𝑙𝑛ሺ𝑥ሻଶ ∗ ඥሺ𝑥ሻ
ሺ8 ∗ 𝑃𝑖 ∗ 𝑙𝑛ሺ10ሻଶሻ

െ 𝑙𝑛൫ሺ𝑀൅1ሻ ∗ 𝑃𝑖൯ ∗ 𝑙𝑜𝑔ሺ𝑥ሻ൅𝑙𝑛൫ሺ𝑀൅1ሻ ∗ 𝑃𝑖൯

െ
ቀ6.4725 ∗ 𝑙𝑛ሺ𝑥ሻଶ ∗ ඥሺ𝑥ሻቁ

ሺ8 ∗ 𝑃𝑖 ∗ 𝑙𝑛ሺ10ሻଶሻ
൅
൬6.4725 ∗ ඥሺ𝑥ሻ ∗ 𝑙𝑛ሺ𝑥ሻ൰

൫8 ∗ 𝑃𝑖 ∗ 𝑙𝑛ሺ10ሻ൯
ቍ൅6.4725 ∗ 𝑙𝑛൫ሺ𝑀൅1ሻ ∗ 𝑃𝑖൯

⎠

⎟
⎞

െ ሺ320 െ 160ሻሺ𝑙𝑜𝑔ሾ10ሿሺ𝑥ሻ െ 6.4725ሻ, 𝑥ൌ1. .3516

⎠

⎟⎟
⎞

 

where a complex valued answer will be encountered. 
 
However, if we set a small ε to x = 3516 + 0.125, then we may get the wanted (approximate) critical point for a real answer: 
 

𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛ሾ𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒ሿ

⎝

⎜⎜
⎛

⎝

⎜
⎛
൮ඥሺ𝑥ሻ ∗

𝑙𝑛ሺ𝑥ሻଷ

ሺ8 ∗ 𝑃𝑖 ∗ 𝑙𝑛ሺ10ሻଷሻ
െ

𝑙𝑛ሺ𝑥ሻଶ ∗ ඥሺ𝑥ሻ
ሺ8 ∗ 𝑃𝑖 ∗ 𝑙𝑛ሺ10ሻଶሻ

െ 𝑙𝑛൫ሺ𝑀൅1ሻ ∗ 𝑃𝑖൯ ∗ 𝑙𝑜𝑔ሺ𝑥ሻ൅𝑙𝑛൫ሺ𝑀൅1ሻ ∗ 𝑃𝑖൯

െ
ቀ6.4725 ∗ 𝑙𝑛ሺ𝑥ሻଶ ∗ ඥሺ𝑥ሻቁ

ሺ8 ∗ 𝑃𝑖 ∗ 𝑙𝑛ሺ10ሻଶሻ
൅
൬6.4725 ∗ ඥሺ𝑥ሻ ∗ 𝑙𝑛ሺ𝑥ሻ൰

൫8 ∗ 𝑃𝑖 ∗ 𝑙𝑛ሺ10ሻ൯
ቍ൅6.4725 ∗ 𝑙𝑛൫ሺ𝑀൅1ሻ ∗ 𝑃𝑖൯

⎠

⎟
⎞

െ ሺ320 െ 160ሻሺ𝑙𝑜𝑔ሾ10ሿሺ𝑥ሻ െ 6.4725ሻ, 𝑥ൌ1. .3516.125

⎠

⎟⎟
⎞

 

y = -239.989780089386244, M = 3.72956556322979*1010, x = 3516.125  
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In other words, for all x before the (approximated) value x = 3516(.125), then the answer will be a complex value. But if we adjust 
it with an ε = 0.125, then the equation will give a negative y which is the largest minimum point. After that critical point, y will 
continue decrease as lowest as possible until the negative infinity. From the above individual case, we observe that there may be 
infinite many critical points corresponding to infinite different paired values of the constant variables in the equation. 
 
In general, this writer conclude that:  
 
“We may approximate each of the (infinitely many) critical points by the above Maple Soft optimization minimizing method (and 
the procedure) together with the addition of the epsilon ε sufficiently small value to obtain the largest minimum point y or the 
wanted infinite number of critical points.” 
 
That is, the general solution to the above Elliptical Discriminant for the Riemann Hypothesis Inequalityshould be: 
 

1. Let y = 
ଵ

଼గ
√𝑥𝑙𝑜𝑔ଷሺ𝑥ሻ - 

ଵ

଼గ
√𝑥𝑙𝑜𝑔ଶሺ𝑥ሻ - 𝑙𝑛 ቆ2𝜋ට1 െ

ଵ

௫మ
ቇ 𝑙𝑜𝑔ሺ𝑥ሻ + 𝑙𝑛 ቆ2𝜋ට1 െ

ଵ

௫మ
ቇ - 

ଵ

଼గ
𝑀ଵ√𝑥𝑙𝑜𝑔ଶሺ𝑥ሻ + 

ଵ

଼గ
𝑀ଵ√𝑥𝑙𝑜𝑔ሺ𝑥ሻ + 

𝑀ଵ𝑙𝑛 ቆ2𝜋ට1 െ
ଵ

௫మ
ቇ + (M2 – M3) (𝑙𝑜𝑔ሺ𝑥ሻ െ 𝑀ଵ) 

 
2. General solution to y is: 
 
{y = 0} + (one of a particular solutions which is equal to -239.989780089386244) 
 
For y = 0 
a) x1 = 2657 if we assume the Riemann Hypothesis is true  
 
or 
 
b) x3 = 1162 if we assume the Riemann Hypothesis is false; 
 
For the particular solution, y = -239.98780089386244, x2 = 3516.125 and the difference between 
 x2 – x1 = 859.125 if we assume the case (a) 
 
For the particular solution, y = -239.98780089386244, x2 = 3516.125 and the difference between 
 x2 – x3 = 2354.125 if we assume the case (b) 
 
As the General Solution = Homogeneous Solution + Particular Solution, thus we may have: 
 
Assume case (a) 
 

ቀ
𝑥ଵ
0 ቁ+ ቀ

𝑥ଶ െ 𝑥ଵ
𝑦 ቁ = ቀ2657

0
ቁ+ ቀ 859.125

െ239.98780089386244
ቁ = Solution1  

 
or 
 

ቀ
𝑥ଵ
0 ቁ+ ቀ

𝑥ଶ
𝑦 ቁ = ቀ2657

0
ቁ+ ቀ 3516.125

െ239.98780089386244
ቁ = Solution 2 

 
or 
 

ቀ
𝑥ଵ
0 ቁ+ ൬

𝑥ଶ൅ሺ𝑥ଶ െ 𝑥ଵሻ
𝑦 ൰  = ቀ2657

0
ቁ+ ቀ 3516.125൅859.125

െ239.98780089386244
ቁ = Solution 3 

 
or 
 

ቀ
𝑥ଵ
0 ቁ+ ቀ

𝑥ଵ െ 𝑥ଶ
𝑦 ቁ  = ቀ2657

0
ቁ+ ቀ 2657 െ 3516.125

െ239.98780089386244
ቁ = Solution 4 

 
Assume case (b) 
 

ቀ1162
0

ቁ+ ቀ 2354.125
െ239.98780089386244

ቁ = Solution 5   
 

or 
 

ቀ1162
0

ቁ+ ቀ 3516.125
െ239.98780089386244

ቁ = Solution 6 
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or  
 

ቀ1162
0

ቁ+ ቀ 3516.125൅2354.125
െ239.98780089386244

ቁ = Solution 7 

 
or  
 

ቀ1162
0

ቁ+ ቀ 1162 െ 2354.125
െ239.98780089386244

ቁ = Solution 8 

 
In brief, we may summarize the general solutions as below: 
 

ቀ
𝑥௛
0 ቁ+ ቆ

േ൫𝑥௣ െ 𝑥௛൯
𝑦௣

ቇ 

 

ቀ
𝑥௛
0 ቁ+ ቆ

൫𝑥௣൯
𝑦௣

ቇ 

 

ቀ
𝑥௛
0 ቁ+ ቆቀ𝑥௣൅൫𝑥௣ െ 𝑥௛൯ቁ

𝑦௣
ቇ where h means the two sets of homogeneous solution for either RH is true or RH is false and p 

means a particular solution. 
 
Certainly, in the mirror image reverse way, for any given critical point such as the case x = 2657, one may find back the paired 
variables conditional y’s value which may be a complex value or a real number etc. Thus, the implication is, we may view the 
above outcome as the counting of lattice point(s) for the traveling sale-person problem or the elliptical function problems in the 
number theory for the (quantum) lattice cryptography etc. Certainly, the mirror image inverse is also true but one should be aware 
of the case one divided by zero which is an infinity. In such of the situation, one may need to apply the duality of the optimization 
method (maximize the minimum / minimize the maximum by Maple Soft) for solving such problems. To go ahead a step, for the 
equation 1/x when x tends to zero, one may then consider the maximize the minimum of y = [1/ (1/x)] and hence restore back 1/x 
by y’s optimization duality etc or the vice versa is also true. The following is a case study for the Maple Soft script: 
t1 := 1/r^6; 
 

output:   t1 :=
ଵ

௥ల
 

t1_numeric := convert(t1, polynom); 
 

output: t1_numeric :=
ଵ

௥ల
 

 
f := proc(t_val) return evalf(eval(1/t1_numeric, [t1 = t_val, r = infinity])); end proc; 
Optimization[Maximize](f, 0 .. 1); 
Warning, limiting number of evaluations reached 
 
output:     [Float(infinity), [0.199999504502172]] 
 
Thus, by the primal-duality properties of the optimization, the (maximized) minimum value of r is just 0.199999504502172 or 
approximately {min[max] (1/r)} = 5, i.e. f = 1/r6 = 15625 ----- (*****). But as the roots of an elliptical curve are usually located on 
the two sides of the minimum with equal distance or 𝑚𝑖𝑛ൌ

௥భ൅௥మ
ଶ

, then by the sense of commercial reverse engineering (an 

optimization by the least square method etc), one may actually compute back those values of r1 and r2 etc. In reality, the 
aforementioned method can therefore be applied in the field of cryptography for encryption and decryption. In practice, with the 
use of Hessian matrix and its determinant, Jensen’s Inequality, multivariable analysis, one may find the point at infinity together 
with the 8 affine points. By applying the Gallant Lambert Vanstone Decomposition, one may split 256 bit multiplication kp into 
two parts: 
 
  kp = k1p + k2𝜙ሺ𝑝ሻ 
 
With the use of both primitive cube root 𝛽 and the multi-scalar multiplication technique to the hardware, one may speed up the 
calculation of both k1p and k2𝜙ሺ𝑝ሻ and hence we can solve the 𝜓ଷሺ𝑥ሻൌ0 for a specific Bitcoin curve like secp256k1.  
 
(N.B. Optionally, one may go a forward step for the construction of the elliptic functions together with the Weierstrass P function 
in the form of: 
 

P(z) = 
ଵ

௫మ
൅

ሺ௚మሻ௫మ

ଶ଴
൅

ሺ௚యሻ௫ర

ଶ଼
൅

൫௚మ
మ൯௫ల

ଵଶ଴଴
൅

ሺଷ௚మ௚యሻ௫ఴ

଺ଵ଺଴
൅

ቀ൫ସଽ௚మ
య൅଻ହ଴௚య

మ൯௫భబቁ

଻଺ସସ଴଴଴
൅

൫௚మ
మ௚య൯௫భమ

ଵ଼ସ଼଴଴
൅𝑂ሾ𝑥ሿଵଷ . 
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In a simple and informal sense, there is a one-one correspondence between the elliptical curves and elliptical functions. Hence, we 
may employ all of the integral points to the elliptical curves as the initial starting period and compute the necessary respective gi s 
or the discriminant(s) of the Weierstrass P function for the elliptical function(s) with respective to the suitable modular division or 
arithmetic. Actually, the focus lays in how may we select a suitable elliptical curve (or the parameter in the family of such 
elliptical curve) so as to obtain the best optimization of the Weierstrass P function for the elliptical function lattice. In fact, when 
the elliptical function’s lattice parameter(s) become(s) optimized, then the aforementioned will turn into the method of “Elliptical 
Iterative Optimization for the convex set” (known as Elliptical Curves Cryptography or ECC) which may act as an alternative to 
the present RAS (Rivest-Shamir-Adleman) cryptography. It is also an application of this author’s present series in the topic of the 
proof to Riemann Hypothesis. In a simplified version, let us consider the following procedure: 
 
1. y2 = (Ax+1) (Bx+1) (Cx+1); or the message 
2. Homogenizing the above curve gives: Y2Z = (AX+Z)(BX+Z)(CX+Z); or Z is the part 1 encryption by a person A 
3. Perform the change of coordinate by first computing the L.C.M. of (A, B, C), the we may get: 

Z = [L.C.M. (A, B, C)] Z’ 
E’: y’2 = (x’+ [L.C.M. (A, B, C)]/A)(x’+[L.C.M. (A, B, C)]/B)(x’+[L.C.M. (A, B, C)]/C) 
where (x’, y’) = (X/Z’,Y/Z’) and (x, y) = (x’ / [L.C.M. (A, B, C)], y’ / [L.C.M. (A, B, C)]); or [L.C.M. (A, B, C)] is the part 2 
encryption of a person A 

 
4. Searching for the points in the E’ which are divisible by [L.C.M. (A, B, C)]; or the part 1 decryption for a person B; 
5. Input the E’ equation into the mathematical software such as the SageMath and use the E.integral_points() command to compute 
all of coordinates that are the multiple of  [L.C.M. (A, B, C)] are the expected answer; the multiply value is the unique private key 
(2 part) for a decryption of the message to the person B. We may convert the found coordinates back to the original equation’s 
coordinates by a division of [L.C.M. (A, B, C)] or 
  
 answer = {[expected coordinates] / [L.C.M. (A, B, C)]}. 
 
Actually, the aforementioned procedure or algorithm forms a set of public key and private key for encryption and decryption. 
Certainly, the mirror image converse of the encryption and decryption procedures are also true. In reality, if [L.C.M. (A, B, C)] 
tends to a zero (or an infinity), then the “answer” or the original equation will go to an infinity (or a zero). In such a case, we may 
thus need to apply the “primal-duality” method of the optimization just like the previous one mentioned above (*****) for a 
computation of the maximize the [minimum] first and then find its reciprocal – minimize the  [maximum] value (or a value of 
“15625” for the aforementioned case, or vice versa, we may have: Minimize the [maximum] and next step is maximize the 
[minimum] in a given specific range.) This writer will NOT repeat. 
 
Or similarly, we may have the Fourier expansions for the invariants g2 and g3 in the Weierstrass P function by computing the 
corresponding discriminant and Klein’s modular function (may be further explored to find the corresponding Fourier series and 
hence the filter function (but NOT for filtering the social & political counterparts) as well as the digital electronic signal 
processing device (may be a control system with filter and feedback). At the same time, the coefficients of the such Fourier 
expansion c(n) have a number of interesting modular division or arithmetic/congruences properties. Certainly, it is no doubt that 
the mirror image inverse (or the vice versa) way can also be true under the application of the Inverse Fourier Transform through 
the computer programming software to restore back into the original data as a kind of ECC decryption method etc. Thus, these 
properties may also be applied in another form of the Elliptic Curves Cryptography as in the cases of RSA or the present ECC one. 
In practice, ECC may be more secure than RSA as there may be an optimum amount of security with relative short key and imply 
a less computing power or network load etc. A last word is for those readers who may feel interested with the number theory, 
elliptical curve and the cryptography, one may refer to the book as shown in the references. Certainly, we may finally have the 
modular elliptic curves with the proof to the Fermat’s last theorem as the we may establish the necessary and essential algebraic 
groups, rings and fields for solving the problem. But this is out of the scope of the paper’s discussion – the Riemann Hypothesis, 
this author will leave such topic to those interested parties or else this author’s future work if the conditions such as time is 
available). It is also true for my self-developed HKLam statistical model theory as the theory has been verified by both of the 
qualitative proof in pure mathematics and quantitatively by the computational data (or applied mathematics) shown in the previous 
section’s analogy for the description of an experiment in the University of Hong Kong dental science research. 
 
Conclusion 
 
In a nutshell, this author conclude that we may extend the truth of the proof to the Riemann by both of the Laurent Series together 
with the Dirichlet Eta function for the case of 0 < s < 1. In addition, we may also optimize both of the Riemann Zeta Function’s 
root of empirical model equations. Lastly, when we are optimizing the Schoenfeld inequality, we may finally approach to the 
relationship between the elliptical curves and the elliptical functions. When one is going forward for a step, one may get into the 
issue of elliptical curves, number theory and the cryptography  for a more in depth and relative fully discussion. Last but not least, 
this writer wants to note that in reality, there may be Not-ch Filter for us to filter those zeros and also the Band filter for filtering 
infinity. Moreover, one may use either python (for offline applications) or Javascript (web audio applications) for the simulations 
to both of the above two filters. In practice, both of the encryption and decryption (or actually either finding zeros or infinities) 
method as described in the aforementioned paragraphs may be obtained by a software way through python or javascript 
programming segment like the Butterworth filter design etc. 
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