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Abstract 
 

A concise proof of Fermat’s last theorem and general Fermat (or Beal) conjecture are given in this paper. Firstly, the combinatorial 
approximation method to compute the approximate number of integer solutions to linear Diophantine equation with solution set of integer 
subsets is presented. Secondly, the approximate number of integer solutions of Pythagoras theorem and Fermat’s last theorem are computed to 
validate the combinatorial approximation method. Finally, the approximate number of integer solutions of general Fermat (or Beal) conjecture 
(equation) is computed, thus proof of Fermat’s last theorem and general Fermat (or Beal) conjecture are provided. 
 

Keywords: General Fermat(or Beal) conjecture, Fermat’s last theorem, Combinatorial approximation method, Linear Diophantine equation, Number of solutions, 
Set of solutions, Subset of integer. 
 

	
INTRODUCTION 

 
Introduction and Results 
 
The Fermat's Last Theorem was proposed by French 
mathematician Pierre de Fermat as a theorem(Fermat's 
conjecture or Fermat’s last theorem) around 1637. British 
mathematician Andrew Wiles proved the Fermat's conjecture 
in 1994. After studying Fermat’s last theorem in 1993, Texas 
banker and mathematician Andrew Beal proposed his own 
conjecture (General Fermat conjecture) and named it Beal's 
conjecture after himself[1]. 
 
Consider the equation (see for instance [2]) 
 
𝑥ଵ
௣ ൅ 𝑥ଶ

௤ ൌ 𝑥ଷ
௥                                                                        (1) 

 
where the unknowns ሺ 𝑥ଵ, 𝑥ଶ, 𝑥ଷ,𝑝, 𝑞, 𝑟ሻ take their values in the 
set of tuples of positive integers for which 𝑥ଵ,𝑥ଶ,𝑥ଷare 
relatively prime and 𝑝,𝑞, 𝑟 are ൒2. 
 

Define 𝜒 ൌ
ଵ

௣
൅

ଵ

௤
൅

ଵ

௥
-1 

 
Beal’s conjecture. Assume 𝜒 ൏ 0. Either find another solution 
to equation (1) or prove that there are no further solutions [3]. 
 
A related conjecture, due to R. Tijdeman and D. Zagier[3], is: 
 
Tijdeman-Zagier’s Conjecture. The equation (1) has no 
solutions in positive integers ሺ 𝑥ଵ, 𝑥ଶ, 𝑥ଷ,𝑝, 𝑞, 𝑟ሻ with each 𝑝,𝑞 
and 𝑟 at least 3 and with 𝑥ଵ,𝑥ଶ,𝑥ଷ relatively prime. 
 
The next conjecture is proposed by H. Darmon and A. 
Granville [4]: 
 
Fermat-Catalan Conjecture: The set of 
solutions ሺ 𝑥ଵ, 𝑥ଶ, 𝑥ଷ,𝑝, 𝑞, 𝑟ሻ with 𝜒 ൏ 0 to the equation (1) is 
finite. 
 
*Corresponding Author: Shihui You 
Linyi Institute of Technology, Linyi, Shandong, 276025, China. 

 

It is easy to deduce Fermat-Catalan conjecture from the abc 
conjecture, once one notices that for 𝑝,𝑞, 𝑟 positive integers, 

the assumption 𝜒 ൏ 0 implies 𝜒 ൑ െ
ଵ

ସଶ
. 

 
In 1995, H. Darmon and A. Granville [4] proved 
unconditionally that for fixed ሺ𝑝,𝑞, 𝑟ሻ with𝜒 ൏ 0, and there are 
only finitely many ሺ 𝑥ଵ, 𝑥ଶ, 𝑥ଷሻ satisfying equation (1). 
 

To obtain integer solutions to general Diophantine equations is 
very difficult, whereas determining the number of integer 
solutions to such equations is comparatively much easier. 
Combinatorial methods, combinatorial approximation 
methods, enumeration methods, and the density transformation 
method can be employed to determine the number of integer 
solutions to the Diophantine equations with countable solution 
sets. By using the combinatorial approximation method, the 
following results can be established unconditionally. 
 

Theorem 1 Let 𝑥௜ ሺ𝑖 ൌ 1,2,3ሻ, 𝑝, 𝑞 and 𝑟 be positive integers. 

If  
ଵ

௣
൅

ଵ

௤
൅

ଵ

௥
<1, the approximate number of integer solutions to 

the equation 𝑥ଵ
௣ ൅ 𝑥ଶ

௤ ൌ 𝑥ଷ
௥  is ൏ 1. 

 

For determining the number of integer solutions of the 
Diophantine equation, first, we introduce the combinatorial 
method, approximate combinatorial method, and enumeration 
method to compute the number of integer solutions of linear 
Diophantine equations whose solution set is integer set (integer 
sequence) and is countable. Second, for cases where the 
solution sets and the number of solutions sets of the variables 
in linear Diophantine equations are either the same or different, 
we propose the approximate combinatorial method, 
enumeration method, and density transformation method to 
compute an approximate number of integer solutions of the 
linear Diophantine equations whose solution sets are integer 
subsets or sequences of integer subsets. 
 

Proof of Lemma  
 

Lemma 
 

Why study linear Diophantine equations? More specifically, 
why analyze the number of integer solutions of linear 



Diophantine equations whose solution sets consist of 
sequences of integer subsets? 
 
1. The number of integer solutions to linear Diophantine 

equations can be determined by combinatorial methods. 
2. To find integer solutions to nonlinear or higher-order 

Diophantine equations is very challenging, whereas 
counting the number of integer solutions for linear 
Diophantine equations is comparatively easier. 

3. The problem of counting the number of integer solutions to 
nonlinear or higher-order Diophantine equations can be 
transformed into the problem of counting the number of 
integer solutions to linear Diophantine equations whose 
solution sets are integer subsets. 

4. The enumeration method allows for straightforward listing 
of all integer solutions of linear Diophantine equations 
when the solution set is an integer sequence, or all integer 
solutions are expressed as numerical equations or 
equalities. 

5. Since all integer solutions of linear Diophantine equations 
with solution sets formed by sequences of integer subsets 
belong to the integer solutions of linear Diophantine 
equations with integer sequences as solution sets, the 
enumeration method likewise facilitates the straightforward 
listing of all such solutions as numerical equations or 
equalities. 

6. By utilizing the enumeration method, it is straightforward 
to list all local integer solutions, or all of equations or 
equalities of local integer solutions of linear Diophantine 
equations whose solution sets are sequences of integer 
subsets. Specifically, linear Diophantine equations can 
explicitly or concisely be represented by the numerical 
equivalence relations within each local equation (𝑥ଵ ൅ 𝑥ଶ ൅
⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑖 ሺ1 ൑ 𝑖 ൑ 𝑁ሻሻ. 

 
This section mainly discusses the number of integer solutions 
to linear Diophantine equations whose countable solution sets 
are given by integer sets or integer subset (sequences). The 
definitions and notations used herein are consistent with those 
in reference [5]. 
 
Lemma 1 presents the number of integer solutions of linear 
Diophantine equations with integer set sequence as the solution 
set. Lemma 2 provides the approximate number of integer 
solutions of linear Diophantine equations with integer set 
sequence as the solution set. Lemma 3 provides the 
approximate number of integer solutions of linear Diophantine 
equations when the solution sets and the number of the 
solution sets of variables in linear Diophantine equations are 
either the same or different. Lemma 4 and Lemma 5 present 
the properties of general linear Diophantine equations when 
transformed into the standard linear Diophantine equations. 
 

Lemma 1 Let 𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ be the number of integer 

solutions of the standard linear Diophantine equation 
 

𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁 
 
The number of integer solutions is well known as 
 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ൌ   ቀ𝑁 െ 1
𝑚െ 1

ቁ ൌ 𝐶ேିଵ
௠ିଵ

ൌ
1

ሺ𝑚 െ 1ሻ!
𝑁ሺ𝑁 െ 1ሻሺ𝑁 െ 2ሻ⋯ ൫𝑁 െ ሺ𝑚 െ 1ሻ൯

𝑁
 

For any non-negative integer 𝑁, the solution set is 𝑥௜ ൌ
ሼ1,2,3,⋯ ,𝑁ሽ, and the number of the solution set is |𝑥௜| ൌ 𝑁. 
 

Lemma 2 Let  𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ be the number of 

integer solutions of the standard linear Diophantine equation 
 

𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁 
 
then the approximate number of integer solutions to the 
equation is 
 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ∼
1

ሺ𝑚 െ 1ሻ!
1
𝑁
𝑁௠ 

 
For any non-negative integer 𝑁, the solution set is 𝑥௜ ൌ
ሼ1,2,3,⋯ ,𝑁ሽ, and the number of the solution set is |𝑥௜| ൌ 𝑁. 
 

Lemma 3 Let 𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ be the number of integer 

solutions of the standard linear Diophantine equation  
 

𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁 
 
then the approximate number of integer solutions to the 
equation is 
 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ∼
1

ሺ𝑚 െ 1ሻ！
1
𝑁

|𝑥ଵ||𝑥ଶ|⋯ |𝑥௠| 

 
For any non-negative integer 𝑁, the solution set is 𝑥௜ ⊆
ሼ1,2,3,⋯ ,𝑁ሽ , the solution set can be 𝑥௜ ് 𝑥௝, and the number 
of the solution set is |𝑥௜| ൑ 𝑁, it can be |𝑥௜| ് ห𝑥௝ห. 
 
Lemma 4 The number of integer solutions of equation േ𝑥ଵ േ
𝑥ଶ േ⋯േ 𝑥௜ േ ⋯േ 𝑥௠ ൌ 𝑁 is equal to the number of integer 
solutions of equation 𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 𝑁. 
 
Lemma 5 The number of integer solutions of equation 𝑥ଵ ൅
𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 0 is equal to the number of integer 
solutions of equation 𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 𝑁. 
 
Proof of the Lemmas 
 

Lemma 1 Let 𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ be the number of integer 

solutions of the standard linear Diophantine equation  
 

𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁 
 
The number of integer solutions is well known as 
 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ൌ   ቀ𝑁 െ 1
𝑚െ 1

ቁ ൌ 𝐶ேିଵ
௠ିଵ

ൌ
1

ሺ𝑚 െ 1ሻ!
𝑁ሺ𝑁 െ 1ሻሺ𝑁 െ 2ሻ⋯ ൫𝑁 െ ሺ𝑚 െ 1ሻ൯

𝑁
 

 
For any non-negative integer𝑁, the solution set𝑥௜ ൌ
ሼ1,2,3,⋯ ,𝑁ሽ, the number of the solution set |𝑥௜| ൌ 𝑁. 
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Proof 
 
Combinatorial Method 
 

Let 𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ be the number of integer solutions 

of the standard linear Diophantine equation 𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅
𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁 
 
It is well known that the number of integer solutions is [6] 

 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ൌ   ቀ𝑁 ൅𝑚 െ 1
𝑚െ 1

ቁ ൌ 𝐶ேା௠ିଵ
௠ିଵ              (2) 

 
For any non-negative integer 𝑁, the solution set is𝑥௜ ൌ
ሼ1,2,3,⋯ ,𝑁ሽ, and the number of the solution set is |𝑥௜| ൌ 𝑁. 
 
Substitute 𝑥௜ െ 1 ൌ 𝑦௜ into the standard linear Diophantine 
equation to obtain  
 
𝑦ଵ ൅ 𝑦ଶ ൅ ⋯൅ 𝑦௜ ൅⋯൅ 𝑦௠ ൌ 𝑁 െ𝑚                                 (3) 
 
The number of integer solutions of equation (3) is 
 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ൌ   ቀ𝑁 െ 1
𝑚 െ 1

ቁ ൌ 𝐶ேିଵ
௠ିଵ                      (4) 

 
The number of integer solutions of equation (3) is equal to the 
number of integer solutions of the standard linear Diophantine 
equation 
 

𝐶௠ାேିଵ
௠ିଵ =𝐶ேିଵ

௠ିଵ or  ቀ𝑁 ൅𝑚 െ 1
𝑚 െ 1

ቁ=ቀ𝑁 െ 1
𝑚െ 1

ቁ                          (5) 

 
According to combinatorial relations, we have 
 

𝐶ே
௠ ൌ

ே

௠
𝐶ேିଵ

m-ଵ  or  𝐶ேିଵ
௠ିଵ ൌ

௠

ே
𝐶ே
௠                                            (6) 

𝐶ே
௠ െ 𝐶ேିଵ

௠ ൌ 𝐶ேିଵ
௠ିଵ                                                                        (7) 

 
Equation (7) presents the recursive relation between the 𝑚-
dimensional linear Diophantine equation (𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅
⋯൅ 𝑥௠ ൌ 𝑁) and the ሺ𝑚 െ 1ሻ-dimensional linear Diophantine 
equation (𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ିଵ ൌ 𝑁). This equation 
(7) also provides the recursive relation between the 
height 𝑁 linear Diophantine equation (𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅
⋯൅ 𝑥௠ ൌ 𝑁) and the height ሺ𝑁 െ 1ሻlinear Diophantine 
equation ሺ𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 𝑁 െ 1ሻ. Equation (7) 
can be used, based on height 𝑁 and dimension 𝑚, to prove the 
number of integer solutions of the linear Diophantine equations 
by mathematical induction. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Local-Global Principle 
 
The number of integer solutions of the standard linear 
Diophantine equation is denoted as 
 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ൌ   ቀ𝑁 െ 1
𝑚 െ 1

ቁ ൌ 𝐶ேିଵ
௠ିଵ ൌ

ଵ

ሺ௠ିଵሻ!

ேሺேିଵሻሺேିଶሻ⋯൫ேିሺ௠ିଵሻ൯

ே
                                                  (8) 

 

The product 
ଵ

௠!
𝑁ሺ𝑁 െ 1ሻሺ𝑁 െ 2ሻ⋯ ൫𝑁 െ ሺ𝑚 െ 1ሻ൯in the 

formula 𝐶ே
௠ െ 𝐶ேିଵ

௠ ൌ 𝐶ேିଵ
௠ିଵ represents the total number of 

integer solutions of the equation in 𝑚 dimensions. 
 

In the product 
 ଵ

௠!

ேሺேିଵሻሺேିଶሻ⋯൫ேିሺ௠ିଵሻ൯

ே
, the product  

t
ଵ

௠!
𝑁ሺ𝑁 െ 1ሻሺ𝑁 െ 2ሻ⋯ ൫𝑁 െ ሺ𝑚 െ 1ሻ൯is divided by 𝑁, 

therefore for each 𝑁ሺ𝑁 ൌ 1,2,⋯ , 𝑖,⋯ ,𝑁ሻ, if the local 
equation 𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 𝑖ሺ1 ൑ 𝑖 ൑ 𝑁ሻ) have 
or not solutions, then the global equation 𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅
⋯൅ 𝑥௠ ൌ 𝑁 also has or not solutions, and vice versa. 
 
Enumeration Method 
 
Linear Diophantine equations can provide clear or concise 
numerical equivalence relations in each local equation 
(𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑖 ሺ1 ൑ 𝑖 ൑ 𝑁ሻሻ. 
 
In linear Diophantine equation 𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ
𝑁, when 𝑚 ൌ 3 , the equation is transformed into 𝑥ଵ ൅ 𝑥ଶ ൅
𝑥ଷ ൌ 𝑁. According to lemma 5, the number of integer 
solutions to the equation𝑥ଵ ൅ 𝑥ଶ ൅ 𝑥ଷ ൌ 𝑁is equal to the 

number of integer solutions to the equation 1 2 3+ 0x x x  . 

 
According to Lemma 4, the number of integer solutions to the 

equation 1 2 3+ 0x x x  is equal to the number of integer 

solutions to the equation 𝑥ଵ ൅ 𝑥ଶ െ 𝑥ଷ ൌ 0 or 1 2 3+x x x . 

 
Now, consider the enumeration method to list the integer 
solutions of linear Diophantine equations with a countable 
solution set. From the above, when 𝑚 ൌ 3 , the number of 
integer solutions to the equation 𝑥ଵ ൅ 𝑥ଶ ൌ 𝑥ଷ or 𝑥ଵ ൅ 𝑥ଶ ൅
𝑥ଷ ൌ 𝑁 is equal to 𝐶ேିଵ

ଷିଵ ൌ 𝐶ேିଵ 
ଶ . 

 
Table 1 below shows the total number of integer solutions of 
the 3D equation 𝑥ଵ ൅ 𝑥ଶ ൌ 𝑥ଷ where 𝑥௜ ൑ 10. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 1. Total number of integer solutions of the 3D equation 𝒙𝟏 ൅ 𝒙𝟐 ൌ 𝒙𝟑 where 𝒙𝒊 ൑ 𝟏𝟎 
 

𝒙𝟏 ൅ 𝒙𝟐 ൌ 𝒙𝟑 1 2 3 4 5 6 7 8 9 10 𝒙𝟏 

1 1+1=2 2+1=3 3+1=4 4+1=5 5+1=6 6+1=7 7+1=8 8+1=9 9+1=10   
2 1+2=3 2+2=4 3+2=5 4+2=6 5+2=7 6+2=8 7+2=9 8+2=10    
3 1+3=4 2+3=5 3+3=6 4+3=7 5+3=8 6+3=9 7+3=10     
4 1+4=5 2+4=6 3+4=7 4+4=8 5+4=9 6+4=10      
5 1+5=6 2+5=7 3+5=8 4+5=9 5+5=10       
6 1+6=7 2+6=8 3+6=9 4+6=10        
7 1+7=8 2+7=9 3+7=10         
8 1+8=9 2+8=10          
9 1+9=10           
10            

𝒙𝟐            

𝑥ଵ ൌ ሼ1,2,3,⋯ ,10ሽ,𝑥ଶ ൌ ሼ1,2,3,⋯ ,10ሽ and  𝑥ଷ ൌ ሼ1,2,3,⋯ ,10ሽ 
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The number of integer solutions to the equation 𝑥ଵ ൅ 𝑥ଶ ൌ
𝑥ଷ is equal to 
 

𝐶ேିଵ
ଷିଵ ൌ 𝐶ேିଵ

ଶ ൌ
ሺேିଵሻሺேିଶሻ

ଶ!
                                                     (9) 

 
When 𝑁 ൑ 10, as shown in Table 1. 
 
When 𝑚 ൌ 2, the number of integer solutions to the equation 
𝑥ଵ ൅ 𝑥ଶ ൌ 𝑁 is equal to 
 

𝐶ே
ଶ െ 𝐶ேିଵ

ଶ ൌ
ሺேሻሺேିଵሻ

ଶ!
െ

ሺேିଵሻሺேିଶሻ

ଶ!
ൌ 𝐶ேିଵ

ଵ ൌ 𝑁 െ 1           (10) 

is indicated by the diagonal in Table 1. 
 
Lemma 1 is proved. 
 

Lemma 2 Let 𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ be the number of 

integer solutions of the standard linear Diophantine equation 
 

𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁 
 
the approximate number of integer solutions for the equation is 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ∼
1

ሺ𝑚 െ 1ሻ!
1
𝑁
𝑁௠ 

 
For any non-negative integer 𝑁, the solution set is 𝑥௜ ൌ
ሼ1,2,3,⋯ ,𝑁ሽ, and the number of the solution set is |𝑥௜| ൌ 𝑁. 
 
Proof 
 
Combinatorial approximation method 
 
According to Lemma 1, the equation  𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅
𝑥௠ ൌ 𝑁has the solution set 𝑥௜ ൌ ሼ1,2,3,⋯ ,𝑁ሽ, and the 
number of the solution set is |𝑥௜| ൌ 𝑁. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The number of integer solutions for this equation is 𝐶ே

௠ െ
𝐶ேିଵ
௠ ൌ 𝐶ேିଵ

௠ିଵ. 
 
In the formula 𝐶ே

௠ െ 𝐶ேିଵ
௠ ൌ 𝐶ேିଵ

௠ିଵ , 𝑚 is finite and 
relatively 𝑁 very small; 𝑁 is very large and infinite. 
 
The formula  𝐶ே

௠ െ 𝐶ேିଵ
௠ ൌ 𝐶ேିଵ

௠ିଵ is 
 
ேሺேିଵሻ⋯൫ேିሺ௠ିଵሻ൯

௠!
െ

ሺேିଵሻሺேିଶሻ⋯ሺேି௠ሻ

௠!
ൌ

ሺேିଵሻሺேିଶሻ⋯൫ேିሺ௠ିଵሻ൯

ሺ௠ିଵሻ!
   (11) 

 
 
 

We make the following approximation𝑁ሺ𝑁 െ 1ሻ⋯൫𝑁 െ
ሺ𝑚 െ 1ሻ൯~𝑁௠,ሺ𝑁 െ 1ሻሺ𝑁 െ 2ሻ⋯ ሺ𝑁 െ𝑚ሻ~〈𝑁 െ 1〉௠ and 
ሺ𝑁 െ 1ሻሺ𝑁 െ 2ሻ⋯ ൫𝑁 െ ሺ𝑚 െ 1ሻ൯~𝑁〈௠ିଵ〉. 
 
Obtain 
 
ே೘

௠!
െ

ሺேିଵሻ೘

௠!
~

ேሺ೘షభሻ

ሺ௠ିଵሻ!
                                                            (12) 

 
Local-Global Principle 
 
The approximate number of solutions to the standard linear 
Diophantine equation is denoted by 
 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ~
ଵ

ሺ௠ିଵሻ!

ே೘

ே
                                     (13) 

 

The product  
ே೘

௠!
 in the above formula (12) is the total number 

of solutions for the 𝑚-dimensional equation. 
 

In  
ே೘

௠!ே
, the product 

ே೘

௠!
 is divided by 𝑁, therefore for each 

𝑁(𝑁 ൌ 1,2,⋯ , 𝑖,⋯ ,𝑁), if the local equation 𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅
𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑖 ሺ1 ൑ 𝑖 ൑ 𝑁ሻ have or not solutions, then the 
global equation 𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 𝑁 also has or 
not solutions, and vice versa. 
 
Enumeration Method 
 
Equation 𝑥ଵ ൅ 𝑥ଶ ൌ 𝑥ଷhas the solution set 𝑥ଵ ൌ 𝑥ଶ ൌ 𝑥ଷ ൌ
ሼ1,2,3,⋯ ,𝑁ሽ, and the number of solution set is |𝑥ଵ| ൌ |𝑥ଶ| ൌ
|𝑥ଷ| ൌ 𝑁, and the density of the solution set is 𝑑ଵ ൌ 𝑑ଶ ൌ
𝑑ଷ ൌ 1. 
 
Table 2 lists the total number of solutions for the 3D 
equation  𝑥ଵ ൅ 𝑥ଶ ൌ 𝑥ଷ satisfies  𝑥௜ ൑ 10. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
When 𝑚 ൌ 3, the number of integer solutions of the 

equation𝑥ଵ ൅ 𝑥ଶ ൌ 𝑥ଷor𝑥ଵ ൅ 𝑥ଶ ൅ 𝑥ଷ ൌ 𝑁 is equal to 𝑁𝑆 ∼
ேమ

ଶ!
. 

 
When 𝑚 ൌ 2, the number of integer solutions of the 
equation 𝑥ଵ ൅ 𝑥ଶ ൌ 𝑁is equal to 
 

𝑁𝑆 ∼
ேమ

ଶ!
െ

ሺேିଵሻమ

ଶ!
∼

ଵ

ଵ!
𝑁ଵ. shown by the diagonal line in Table 

2. 
 
The proof of Lemma 2 is completed. 
 

Table 2 Total number of solutions of the 3D equation 𝒙𝟏 ൅ 𝒙𝟐 ൌ 𝒙𝟑 where 𝒙𝒊 ൑ 𝟏𝟎 
 

𝒙𝟏 ൅ 𝒙𝟐 ൌ 𝒙𝟑 1 2 3 4 5 6 7 8 9 10 𝒙𝟏 

1 1+1=2 2+1=3 3+1=4 4+1=5 5+1=6 6+1=7 7+1=8 8+1=9 9+1=10   
2 1+2=3 2+2=4 3+2=5 4+2=6 5+2=7 6+2=8 7+2=9 8+2=10 9+2=11   
3 1+3=4 2+3=5 3+3=6 4+3=7 5+3=8 6+3=9 7+3=10 8+3=11 9+3=12   
4 1+4=5 2+4=6 3+4=7 4+4=8 5+4=9 6+4=10 7+4=11 8+4=12 9+4=13   
5 1+5=6 2+5=7 3+5=8 4+5=9 5+5=10 6+5=11 7+5=12 8+5=13 9+5=14   
6 1+6=7 2+6=8 3+6=9 4+6=10 5+6=11 6+6=12 7+6=13 8+6=14 9+6=15   
7 1+7=8 2+7=9 3+7=10 4+7=11 5+7=12 6+7=13 7+7=14 8+7=15 9+7=16   
8 1+8=9 2+8=10 3+8=11 4+8=12 5+8=13 6+8=14 7+8=15 8+8=16 9+8=17   
9 1+9=10 2+9=11 3+9=12 4+9=13 5+9=14 6+9=15 7+9=16 8+9=17 9+9=18   
10            
𝒙𝟐            

Solution set 𝑥ଵ, 𝑥ଶ and 𝑥ଷ is 𝑥ଵ ൌ ሼ1,2,3,⋯ ,10ሽ, 𝑥ଶ ൌ ሼ1,2,3,⋯ ,10ሽ and 𝑥ଷ ൌ ሼ1,2,3,⋯ ,10ሽ. 
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Lemma 3 Let 𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ denote the number of 

integer solutions of the linear Diophantine equation  
 

𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁 
 
and the approximate number of integer solutions to the 
equation is 
 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ ∼
1

ሺ𝑚 െ 1ሻ！
1
𝑁

|𝑥ଵ||𝑥ଶ|⋯ |𝑥௠| 

 
For any non-negative integer𝑁, the solution set is 𝑥௜ ⊆
ሼ1,2,3,⋯ ,𝑁ሽ, the solution set can be 𝑥௜ ് 𝑥௝, and the number 
of the solution sets is |𝑥௜| ൑ 𝑁, and it can be |𝑥௜| ് ห𝑥௝ห. 
 
Proof 
 
Combinatorial approximation method 
 
According to lemma 2, the equation 𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅
𝑥௠ ൌ 𝑁 has the solution set 𝑥௜ ൌ ሼ1,2,3,⋯ ,𝑁ሽ, and the 
number of the solution set is |𝑥௜| ൌ 𝑁.For the equation 𝑥ଵ ൅
𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 𝑁, one has the following 
approximate number of integer solutions: 
 

𝑁𝑆 ∼
ே೘

௠!
െ

ሺேିଵሻ೘

௠!
∼

ଵ

ሺ௠ିଵሻ!
𝑁ሺ௠ିଵሻ                                          (14) 

 
We rewrite the above expression as 
 
ே೘

௠!
െ

ሺேିଵሻ೘

௠!
∼

ଵ

ሺ௠ିଵሻ!

ଵ

ே
𝑁௠                                                  (15) 

 
The solution set is 𝑥௜ ⊆ ሼ1,2,3,⋯ ,𝑁ሽ and it can be 𝑥௜ ് 𝑥௝, 
and the number of the solution set is |𝑥௜| ൑ 𝑁, and it can 

be |𝑥௜| ് ห𝑥௝ห, and the density of the solution set is 𝑑௜ ൌ
|௫೔|

ே
. 

 
The above expression (15) multiplied by the density  
ሺ𝑑ଵ ∙ 𝑑ଶ ∙ ⋯ ∙ 𝑑௜ ∙ ⋯ ∙ 𝑑௠ሻ of the solution sets 
 
ሺ𝑑ଵ ∙ 𝑑ଶ ∙ ⋯ ∙ 𝑑௠ሻ ቄ

ே೘

௠!
െ

ሺேିଵሻ೘

௠!
ቅ ∼

ଵ

ሺ௠ିଵሻ!

ଵ

ே
ሺ𝑑ଵ ∙ 𝑑ଶ ∙ ⋯ ∙ 𝑑௠ሻ𝑁௠              (16) 

 
 
Left side ൌ

ሺௗభ∙ேሻሺௗమ∙ேሻ⋯ሺௗ೘∙ேሻ

௠!
െ

ሺௗభ∙ேିௗభሻሺௗమ∙ேିௗమሻ⋯ሺௗ೘∙ேିௗ೘ሻ

௠!
     (17) 

 
Since 0 ൏ 𝑑௜ ൑ 1, we make the following approximation ሺ𝑑ଵ ∙ 𝑁 െ
𝑑ଵሻሺ𝑑ଶ ∙ 𝑁 െ 𝑑ଶሻ⋯ ሺ𝑑௠ ∙ 𝑁 െ 𝑑௠ሻ~ሺ𝑑ଵ ∙ 𝑁 െ 1ሻሺ𝑑ଶ ∙ 𝑁 െ
1ሻ⋯ ሺ𝑑௠ ∙ 𝑁 െ 1ሻ. 
 
The above formula can be approximated as 
 

Left sideൌ
ሺௗభ∙ேሻሺௗమ∙ேሻ⋯ሺௗ೘∙ேሻ

௠!
െ

ሺௗభ∙ேିଵሻሺௗమ∙ேିଵሻ⋯ሺௗ೘∙ேିଵሻ

௠!
 

 

Left sideൌ
|௫భ||௫మ|⋯|௫೘|

௠!
െ

ሺ|௫భ|ିଵሻሺ|௫మ|ିଵሻ⋯ሺ|௫೘|ିଵሻ

௠!
 

 

Right side ൌ
ଵ

ሺ௠ିଵሻ!

ଵ

ே
ሺ𝑑ଵ ∙ 𝑑ଶ ∙ ⋯ ∙ 𝑑௠ሻ𝑁௠ ൌ

ଵ

ሺ௠ିଵሻ!

ଵ

ே
ሺ𝑑ଵ ∙

𝑁ሻሺ𝑑ଶ ∙ 𝑁ሻ⋯ሺ𝑑௠ ∙ 𝑁ሻ 
 

Right sideൌ
ଵ

ሺ௠ିଵሻ！

ଵ

ே
|𝑥ଵ||𝑥ଶ|⋯ |𝑥௠| 

 

Left side = Right side 
 
|௫భ||௫మ|⋯|௫೘|

௠!
െ

ሺ|௫భ|ିଵሻሺ|௫మ|ିଵሻ⋯ሺ|௫೘|ିଵሻ

௠!
~

ଵ
ሺ௠ିଵሻ！

ଵ

ே
|𝑥ଵ||𝑥ଶ|⋯ |𝑥௠| (18) 

 
Consider the non-uniform distribution of the number of integer 
solutions caused by the combination of density 𝑑௜ in each 

𝑚dimension with 𝑁 change, and then 
ଵ

ሺ௠ିଵሻ!
 is modified 

to 𝑐ሺ𝑚,𝑑௜ሻ. 𝑐ሺ𝑚,𝑑௜ሻ can be obtained through calculation 
based on precision; that is 
 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ~
ଵ

ሺ௠ିଵሻ！

ଵ

ே
|𝑥ଵ||𝑥ଶ|⋯ |𝑥௠| ൌ

𝑐ሺ𝑚,𝑑௜ሻ
ଵ

ே
|𝑥ଵ||𝑥ଶ|⋯ |𝑥௠|                                                    (19) 

 
Local-Global Principle 
 
The approximate number of integer solutions of the standard 
linear Diophantine equation is  
 

𝑁𝑆 ൌ 𝑁ቆ1,1,⋯ ,1ᇣᇧᇤᇧᇥ
௠

;𝑁ቇ~
ଵ

ሺ௠ିଵሻ！

ଵ

ே
|𝑥ଵ||𝑥ଶ|⋯ |𝑥௠|            (20) 

 

The product 
|௫భ||௫మ|⋯|௫೘|

௠!
in the above formula (18) is the total 

number of integer solutions in dimension 𝑚. 
 

In 
|௫భ||௫మ|⋯|௫೘|

ே௠!
, the product 

|௫భ||௫మ|⋯|௫೘|

௠!
is divided by 𝑁, 𝑁 (𝑁 ൌ

1,2,⋯ , 𝑖,⋯ ,𝑁 ), if the local equation 𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅
𝑥௠ ൌ 𝑖 ሺ1 ൑ 𝑖 ൑ 𝑁ሻhave or not solutions, then the global 
equation𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 𝑁also has or not 
solutions, and vice versa. 
 
Enumeration method 
 
Example 1. Prime number 
 
Solution set 𝑝 ൌ ሼ2, 3，5,⋯ ,𝑝௜ ,⋯ ,𝑁ሽ，𝑝௜ ൑ 𝑁, the number 

of prime solution sets is |𝑝| ൌ
ே

௟௡ே
 , and the density of the 

prime solution sets is 𝑑ଵ ൌ 𝑑ଶ ൌ
ଵ

௟௡ே
. The approximate number 

of integer solutions of the equation  𝑝ଵ ൅ 𝑝ଶ ൌ 𝑁is𝑁𝑆 ∼

𝑐
|௣భ|⋅|௣మ|

ଵ!ே
∼

଴.଺ଶே

ሺ௟௡ேሻమ
 (including duplicate solutions). See Table 3. 

For details on Goldbach’s conjecture and the number of 
solutions of Goldbach’s equation 𝑝ଵ ൅ 𝑝ଶ ൌ 𝑁, please see 
reference[5]. 
 
 
 
 
 
 
 
 
 
 
 
Example 2. Residue class 
 
In the equation 𝑎ଵ𝑥ଵ ൅ 𝑎ଶ𝑥ଶ ൅ ⋯൅ 𝑎௜𝑥௜ ൅ ⋯൅ 𝑎௠𝑥௠ ൌ 𝑁, 
the solution set of the residue class is 𝑎௜𝑥௜ ൌ ሼ𝑎௜ ⋅ 1,𝑎௜ ⋅
2, … ,𝑎௜ ⋅ 𝑘, … ,𝑁ሽ. 

Table 3. Total number of integer solutions of 2 Dequation 𝒑𝟏 ൅
𝒑𝟐 ൌ 𝑵 where 𝑵 ൑ 𝟏𝟎 

 

𝒑𝟏 ൅ 𝒑𝟐 ൌ 𝑵  2 3 5 7 𝒑𝟏 

2  2+2=4     
3   3+3=6 5+3=8 7+3=10  
5   3+5=8 5+5=10 7+5=12  
7   3+7=10 5+7=12 7+7=14  

𝒑𝟐       

𝑥௜ ൌ ሼ2, 3，5,⋯ , 𝑝௜ ,⋯ ,𝑁ሽ ⊂ ሼ1,2,3,⋯ ,𝑁ሽ,|𝑥௜| ൑ 𝑁 ൌ 10 
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By substitution 𝑎௜𝑥௜ ൌ 𝑦௜,we can obtain 𝑦ଵ ൅ 𝑦ଶ ൅⋯൅ 𝑦௜ ൅
⋯൅ 𝑦௠ ൌ 𝑁. 
 
Solution set 𝑦௜ is 𝑎௜𝑥௜ ൌ ሼ𝑎௜ ⋅ 1,𝑎௜ ⋅ 2, … ,𝑎௜ ⋅ 𝑘, … ,𝑁ሽ, 
therefore, 𝑎௜ ⋅ 𝑘 ൑ 𝑁, and the number of the solution set 

is |𝑎௜𝑥௜| ൌ
ே

௔೔
. 

 
In the equation 𝑥ଵ ൅ 2𝑥ଶ ൌ 𝑥ଷ, the solution sets 𝑥ଵ, 2𝑥ଶ and 
𝑥ଷ are 

𝑥ଵ ൌ 𝑥ଷ ൌ ሼ1,2,3,⋯ , 𝑘,⋯ ,𝑁ሽ 
2𝑥ଶ ൌ ሼ2, 4,⋯ ,2𝑘,⋯ ,𝑁ሽ 

 

The number of the solution set |𝑥ଵ| ൌ |𝑥ଷ| ൌ 𝑁, |2𝑥ଶ| ൌ
ே

ଶ
. 

 

The number of integer solutions is 𝑁𝑆 ∼
|௫భ|⋅|ଶ௫మ|⋅|௫య|

ଶ!ே
ൌ

ே⋅
ಿ
మ
⋅ே

ଶே
ൌ

ேమ

ସ
. See Table 4. 

 
 
 
 
 
 
 
 
 
 
 
Density transformation method 
 
We now discuss the density transformation of linear 
Diophantine equations whose solution set are integer subsets. 
 

Let 𝑎ଵ,𝑎ଶ,…,𝑎௠be positive integers to satisfy 
𝑔𝑐𝑑ሺ𝑎ଵ,𝑎ଶ,⋯ ,𝑎௠ሻ ൌ 1. In addition, let 
𝑁𝑆 ൌ 𝑁ሺ𝑎ଵ,𝑎ଶ,⋯ ,𝑎௠,𝑁ሻ be the number of integer solutions 
of the equation 
 

𝑎ଵ𝑥ଵ ൅ 𝑎ଶ𝑥ଶ ൅⋯൅ 𝑎௜𝑥௜ ൅ ⋯൅ 𝑎௠𝑥௠ ൌ 𝑁                      (21) 
 
For non-negative integers 𝑥ଵ,𝑥ଶ,…,𝑥௠, according to Schur's 
theorem, the approximate number of integer solutions of 
equation (21) is 
 

𝑁𝑆 ൌ 𝑁ሺ𝑎ଵ,𝑎ଶ,⋯ ,𝑎௠;𝑁ሻ ∼
ே೘షభ

ሺ௠ିଵሻ!⋅௔భ⋅௔మ⋅⋯⋅௔೘
ሺ𝑁 → ∞ሻ    (22) 

 

For non-negative integers 𝑁, provided that𝑁is sufficiently 
large, especially when there exists an integer𝑁ଵsuch that 
each 𝑁 ൒ 𝑁ଵ has at least one representation [6]. 
 

Equation              𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁   (23) 
 

Non-negative integers 𝑥ଵ,𝑥ଶ,…,𝑥௠, and the solution sets are 
integer subsets. 
𝑥௜ ൌ ሼሺ𝑎௜ሻଵ, ሺ𝑎௜ሻଶ, ሺ𝑎௜ሻଷ,⋯ ,𝑁ሽ ⊆ ሼ1,2,3,⋯ ,𝑁ሽሺ1 ൑ 𝑖 ൑ 𝑚ሻ, 
and can be 𝑥௜ ് 𝑥௝.  
 
When ሺ𝑎௜ሻ௞ ൑ 𝑁, and the density of the solution set is 𝑑௜ ൌ
|௫೔|

ே
, and the number of the solution set is|𝑥௜| ൌ 𝑑௜ ⋅ 𝑁 ൑ 𝑁. 

Transform 𝑥௜ ൌ
ଵ

ௗ೔
⋅ 𝑦௜, the solution set 

is 𝑦௜ ൌ ሼ1,2,3,⋯ ,𝑁ሽ ሺ1 ൑ 𝑖 ൑ 𝑚ሻ is an integer set. Solution 
set 

ଵ

ௗ೔
⋅ 𝑦௜ ൌ ቄ

ଵ

ௗ೔
⋅ 1,

ଵ

ௗ೔
⋅ 2, … ,

ଵ

ௗ೔
⋅ 𝑘, … , 𝑁ቅ ⊆

ሼ1, 2，3,⋯ , 𝑘,⋯ ,𝑁ሽ,  

and the number of the solution set is ቚ
ଵ

ௗ೔
⋅ 𝑦௜ቚ ൌ 𝑑௜ ⋅ 𝑁 ൑ 𝑁, the 

solution set is 
ଵ

ௗ೔
⋅ 𝑦௜, the density is 𝑑௜, and there are 

 
ଵ

ௗభ
⋅ 𝑦ଵ ൅

ଵ

ௗమ
⋅ 𝑦ଶ ൅ ⋯൅

ଵ

ௗ೔
⋅ 𝑦௜ ൅ ⋯൅

ଵ

ௗ೘
⋅ 𝑦௠ ൌ 𝑁               (24) 

 
According to formula (22), the approximate number of integer 
solutions of equation (24) is 
 
𝑁𝑆 ൌ 𝑁 ቀ

ଵ

ௗభ
,
ଵ

ௗమ
,⋯ ,

ଵ

ௗ೘
;𝑁ቁ ∼

௠

ே

ଵ

ሺ௠ሻ!
ሺ𝑑ଵ ⋅ 𝑁ሻሺ𝑑ଶ ⋅ 𝑁ሻ ⋅ … ⋅ ሺ𝑑௠ ⋅ 𝑁ሻ            (25) 

 
where 𝑑௜ ⋅ 𝑁 ൌ |𝑥௜|. The approximate number of integer 
solutions of equation (24) is also 
 

𝑁𝑆 ∼
|௫భ|⋅|௫మ|⋯|௫೘|

ே⋅ሺ௠ିଵሻ!
ሺ𝑁 → ∞ሻ                                                 (26) 

 
 
 
 
 
 
 
 
 
 
 
Lemma 3 is proved. 
 
For further discussion on the cases of unequal density 𝑑௜ ⋅ 𝑁 ൌ
|𝑥௜| and applications, see reference [5]. 
 
Lemma 4 The number of integer solutions of the 
equation േ𝑥ଵ േ 𝑥ଶ േ ⋯േ 𝑥௜ േ⋯േ 𝑥௠ ൌ 𝑁 is equal to the 
number of integer solutions of the equation 𝑥ଵ ൅ 𝑥ଶ ൅⋯൅
𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁. 
 
Proof 
 
In the equation േ𝑥ଵ േ 𝑥ଶ േ⋯േ 𝑥௜ േ ⋯േ 𝑥௠ ൌ 𝑁            (27) 
 

By substituting േ𝑥௜ ൌ 𝑦௜ 
 

We can obtain 𝑦ଵ ൅ 𝑦ଶ ൅ ⋯൅ 𝑦௜ ൅ ⋯൅ 𝑦௠ ൌ 𝑁                (28) 
 

The solution set of negative integers is 
െ𝑥௜ ൌ ሼെ1,െ2,െ3,⋯ ,െ𝑘,⋯ ,െ𝑁ሽ, and whenെ𝑁 ൑ െ𝑘 ൑
െ1, the number of the solution set is |െ𝑥௜| ൌ 𝑁 or |െ𝑥௜| ൌ
|𝑦௜|. 
 
According to lemma 2 and lemma 3, the approximate number 
of integer solutions of equation (27) can be expressed as 
 

𝑁𝑆 ∼
|ି௫భ|⋅|ି௫మ|⋯|ି௫೘|

ே⋅ሺ௠ିଵሻ!
~

ே೘

ே⋅ሺ௠ିଵሻ!
ൌ

ே೘షభ

ሺ௠ିଵሻ!
ሺ𝑁 → ∞ሻ            (29) 

According to lemma 2 and lemma 3, the approximate number 
of integer solutions of equation (28) can be expressed as 
 

𝑁𝑆 ∼
|௬భ|⋅|௬మ|⋯|௬೘|

ே⋅ሺ௠ିଵሻ!
~

ே೘షభ

ሺ௠ିଵሻ!
ሺ𝑁 → ∞ሻ(30) 

 

The number of integer solutions of equation (27) is equal to the 
number of integer solutions of equation (28). 

                              𝑥௜ ⊆ ሼ1,2,3,⋯ ,𝑁ሽ,   𝑥௜ ് 𝑥௝ , |𝑥௜| ് ห𝑥௝ห, |𝑥௜| ൑ 𝑁 ൌ 10 

Table 4. Total number of integer solutions of the equation 𝒙𝟏 ൅ 𝟐𝒙𝟐 ൌ 𝒙𝟑, where 𝒙𝟏，𝟑 ൑ 𝟏𝟎, 𝟐𝒙𝟐 ൑ 𝟏𝟎 
 

𝒙𝟏 ൅ 𝟐𝒙𝟐 ൌ 𝒙𝟑 1 2 3 4 5 6 7 8 9 10 𝒙𝟏 

2 1+2=3 2+2=4 3+2=5 4+2=6 5+2=7 6+2=8 7+2=9 8+2=10 9+2=11   
4 1+4=5 2+4=6 3+4=7 4+4=8 5+4=9 6+4=10 7+4=11 8+4=12 9+4=13   
6 1+6=7 2+6=8 3+6=9 4+6=10 5+6=11 6+6=12 7+6=13 8+6=14 9+6=15   
8 1+8=9 2+8=10 3+8=11 4+8=12 5+8=13 6+8=14 7+8=15 8+8=16 9+8=17   
10            

2𝒙𝟐            
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Proof of Lemma 4 is completed. 
 
Lemma 5 The number of integer solutions of equation 𝑥ଵ ൅
𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 0 is equal to the number of integer 
solutions of equation 𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 𝑁. 
 
Proof 
 
Equation               𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 0           (31) 
Becomes                    𝑥ଵ ൅ 𝑥ଶ ൅⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൅ 𝑁 ൌ 𝑁         (32) 
 

By substitution i ix y ሺ1 ൑ 𝑖 ൑ 𝑚 െ 1ሻ, and 𝑥௠ ൅ 𝑁 ൌ 𝑦௠ 

We can obtain         𝑦ଵ ൅ 𝑦ଶ ൅⋯൅ 𝑦௜ ൅ ⋯൅ 𝑦௠ ൌ 𝑁        (33) 
 
Since 𝑁 is a constant; therefore, it is not included the number 
of the solution set. The number of solution set |𝑥௠ ൅ 𝑁| is 
only regarded as |𝑥௠ ൅ 𝑁|=|𝑥௠|, 𝑜𝑟|𝑥௠ ൅ 𝑁|=|𝑥௠|=𝑁. 
 
According to lemma 2 and lemma 3, the approximate number 
of integer solutions of equation (31) can be expressed as 
 

𝑁𝑆 ∼
|௫భ|⋅|௫మ|⋯|௫೘ାே|

ே⋅ሺ௠ିଵሻ!
ൌ

|௫భ|⋅|௫మ|⋯|௫೘|

ே⋅ሺ௠ିଵሻ!
~

ே೘

ே⋅ሺ௠ିଵሻ!
ൌ

ே೘షభ

ሺ௠ିଵሻ! ( )N  (34) 

 
According to lemma 2 and lemma 3, the approximate number 
of integer solutions of equation (33) can be expressed as 
 

𝑁𝑆 ∼
|௬భ|⋅|௬మ|⋯|௬೘|

ே⋅ሺ௠ିଵሻ!
~

ே೘షభ

ሺ௠ିଵሻ!
ሺ𝑁 → ∞ሻ                                    (35) 

 
The number of integer solutions of equation𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅
𝑥௜ ൅⋯൅ 𝑥௠ ൌ 0 is equal to the number of integer solutions of 
equation 𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅ 𝑥௜ ൅ ⋯൅ 𝑥௠ ൌ 𝑁.  
 
Proof of Lemma 5 is completed. 
 
Proof of Theorem 1 
 
Theorem 1 Let 𝑥௜ሺ𝑖 ൌ 1,2,3ሻ, 𝑝,𝑞 and 𝑟 be positive integers. If 
ଵ

௣
൅

ଵ

௤
൅

ଵ

௥
<1, the approximate number of integer solutions to 

the equation 𝑥ଵ
௣ ൅ 𝑥ଶ

௤ ൌ 𝑥ଷ
௥  is <1. 

 
Proof  
 
Recall lemma 3, when 𝑚 ൌ 3, the equation 𝑥ଵ ൅ 𝑥ଶ ൅ ⋯൅
𝑥௜ ൅⋯൅ 𝑥௠ ൌ 𝑁change into 𝑥ଵ ൅ 𝑥ଶ ൅ 𝑥ଷ ൌ 𝑁. The 
approximate number of integer solutions to the equation 𝑥ଵ ൅
𝑥ଶ ൅ 𝑥ଷ ൌ 𝑁 is 
 

𝑁𝑆 ∼ 𝑐
|௫భ|⋅|௫మ|⋅|௫య|

ே
ሺ𝑁 → ∞ሻ                                                       (36) 

 
According to Lemma 4, the number of integer solutions to the 
equation𝑥ଵ ൅ 𝑥ଶ ൌ 𝑥ଷ is equal to the number of integer 
solutions to the equation 𝑥ଵ ൅ 𝑥ଶ ൅ 𝑥ଷ ൌ 0. 
 
According to Lemma 5, the number of integer solutions to 
equation 𝑥ଵ ൅ 𝑥ଶ ൅ 𝑥ଷ ൌ 0is equal to the number of integer 
solutions to the equation 𝑥ଵ ൅ 𝑥ଶ ൅ 𝑥ଷ ൌ 𝑁, while 𝑁 is a 
constant of integer. 
 
Transform the equation 𝑥ଵ ൅ 𝑥ଶ ൌ 𝑥ଷ to 
 
𝑥ଵ ൅ 𝑥ଶ ൅ 𝑥ଷ ൌ 𝑁                                                                         (37) 

The approximate number of integer solutions to the 
equation 𝑥ଵ ൅ 𝑥ଶ ൅ 𝑥ଷ ൌ 𝑁 or 𝑥ଵ ൅ 𝑥ଶ ൌ 𝑥ଷ is 
 

𝑁𝑆 ∼ 𝑐
|௫భ|⋅|௫మ|⋅|௫య|

ே
ൌ 𝑐𝑁ଶሺ𝑁 → ∞ሻ                                           (38) 

 
Where the solution sets 
are 𝑥௜ ሺ𝑖 ൌ 1,2,3ሻ ൌ ሼ1, 2，3,⋯ , 𝑗,⋯ ,𝑁ሽ, and the number of 
solution sets is |𝑥௜|ሺ𝑖 ൌ 1,2,3ሻ ൌ 𝑁.  
 
1) Pythagoras theorem and its number of integer solutions 
 
Pythagorean theorem: the equation 𝑥ଵଶ ൅ 𝑥ଶ

ଶ ൌ 𝑥ଷ
ଶ has integer 

solutions. 
 
Because all solution of integer ሺ𝑦ଵ,𝑦ଶ,𝑦ଷሻ to the equation 
𝑦ଵ ൅ 𝑦ଶ ൌ 𝑦ଷcontains all solution of integerሺ𝑥ଵ, 𝑥ଶ, 𝑥ଷሻto the 
equation𝑥ଵଶ ൅ 𝑥ଶ

ଶ ൌ 𝑥ଷ
ଶ, or ሺ𝑥ଵ, 𝑥ଶ, 𝑥ଷሻ ⊂ ሺ𝑦ଵ,𝑦ଶ,𝑦ଷሻ, to 

determine whether or not the equation 𝑥ଵଶ ൅ 𝑥ଶ
ଶ ൌ 𝑥ଷ

ଶhas 
solutions, just need to calculate the number of solutions to the 
equation 𝑥ଵଶ ൅ 𝑥ଶ

ଶ ൌ 𝑥ଷ
ଶ.  

 
The solution set 𝑥௜

ଶሺ𝑖 ൌ 1,2,3ሻ ൌ ሼ1ଶ, 2ଶ，3ଶ,⋯ , 𝑗ଶ,⋯ ,𝑁ሽ is 
a part of integer set 𝑦௜ሺ𝑖 ൌ 1,2,3ሻ ൌ ሼ1, 2，3,⋯ , 𝑗,⋯ ,𝑁ሽ.  
 
The number |𝑥௜

ଶ|ሺ𝑖 ൌ 1,2,3ሻ of solution sets 𝑥௜
ଶሺ𝑖 ൌ 1,2,3ሻ ൌ

ሼ1ଶ, 2ଶ，3ଶ,⋯ , 𝑗ଶ,⋯ ,𝑁ሽ is |𝑥௜
ଶ|ሺ𝑖 ൌ 1,2,3ሻ =𝑁

భ
మ. We have an 

approximate number of integer solutions to the equation 𝑥ଵଶ ൅
𝑥ଶ
ଶ ൌ 𝑥ଷ

ଶ 
 

𝑁𝑆 ∼
ଵ

ଶ！

ห௫భ
మหൈห௫మ

మหൈห௫య
మห

|௫య|
ൌ

ଵ

ଶ！

ே
భ
మൈே

భ
మൈே

భ
మ

ே
ൌ

ே
భ
మ

ଶ！
൐ 1                 (39) 

 
The equation 𝑥ଵଶ ൅ 𝑥ଶ

ଶ ൌ 𝑥ଷ
ଶ has integer solutions.  

 
2) Proof of Fermat's conjecture  
 
British mathematician Andrew Wiles proved the Fermat's 
conjecture in 1994. Here, we apply the above method to study 
the number of integer solutions to Fermat's theorem. 
 
Fermat's theorem: When an integer 𝑛 ൒ 3, there is no 
solutions of integer to the equation 𝑥ଵ

௡ ൅ 𝑥ଶ
௡ ൌ 𝑥ଷ

௡ regarding 
integers 𝑥௜ ሺ𝑖 ൌ 1,2,3ሻ.  
 
The solution set 𝑥௜

௡ሺ𝑖 ൌ 1,2,3ሻ ൌ ሼ1௡, 2௡，3௡,⋯ , 𝑗௡,⋯ ,𝑁ሽ is 
a part of integer set 𝑦௜ሺ𝑖 ൌ 1,2,3ሻ ൌ ሼ1, 2，3,⋯ , 𝑗,⋯ ,𝑁ሽ.  
 
Because all solutions of integer ሺ𝑦ଵ,𝑦ଶ,𝑦ଷሻ to the equation 
𝑦ଵ ൅ 𝑦ଶ ൌ 𝑦ଷ contains all solution of integerሺ𝑥ଵ, 𝑥ଶ, 𝑥ଷሻ to the 
equation 𝑥ଵ

௡ ൅ 𝑥ଶ
௡ ൌ 𝑥ଷ

௡, or ሺ𝑥ଵ, 𝑥ଶ, 𝑥ଷሻ ⊂ ሺ𝑦ଵ,𝑦ଶ,𝑦ଷሻ, to 
determine whether or not the equation 𝑥ଵ

௡ ൅ 𝑥ଶ
௡ ൌ 𝑥ଷ

௡has 
solutions, just need to calculate the number of solutions to the 
equation 𝑥ଵ

௡ ൅ 𝑥ଶ
௡ ൌ 𝑥ଷ

௡.  
 
The number |𝑥௜

௡|ሺ𝑖 ൌ 1,2,3ሻ of solution sets 𝑥௜
௡ሺ𝑖 ൌ 1,2,3ሻ ൌ

ሼ1௡, 2௡，3௡,⋯ , 𝑗௡,⋯ ,𝑁ሽ is |𝑥௜
௡|ሺ𝑖 ൌ 1,2,3ሻ =𝑁

భ
೙.  

The number of solutions to the equation 𝑥ଵ
௡ ൅ 𝑥ଶ

௡ ൌ 𝑥ଷ
௡ is equal 

to the number of solutions to the equation 𝑥ଵ
௡ ൅ 𝑥ଶ

௡ ൅ 𝑥ଷ
௡ ൌ 𝑁. 

 
We have the approximate number of solutions of the 
equation 𝑥ଵ

௡ ൅ 𝑥ଶ
௡ ൅ 𝑥ଷ

௡ ൌ 𝑁 
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𝑁𝑆 ∼
ଵ

ଶ！

ห௫భ
೙หൈห௫మ

೙หൈห௫య
೙ห

|௫య|
ൌ

ଵ

ଶ！

ே
భ
೙ൈே

భ
೙ൈே

భ
೙

ே
ൌ

ே
యష೙
೙

ଶ！
.                   (40) 

 
When 𝑛 ൒ 3, the number of integer solutions to the 
equation 𝑥ଵ

௡ ൅ 𝑥ଶ
௡ ൌ 𝑥ଷ

௡ is less than 1, there are no integer 
solutions to the equation  𝑥ଵ

௡ ൅ 𝑥ଶ
௡ ൌ 𝑥ଷ

௡.  
Proof completed. 
 
3) Proof of Beal's conjecture 
 
After studying Fermat’s last theorem in 1993, Texas banker 
and mathematician Andrew Beal proposed his own conjecture 
and named it after himself [1]. 
 
Beal's conjecture (Fermat-Catalan's conjecture): Let 𝑥௜ሺ𝑖 ൌ
1,2,3ሻ, 𝑝, 𝑞 and 𝑟 be positive integers. If 

ଵ

௣
൅

ଵ

௤
൅

ଵ

௥
<1, the 

equation 𝑥ଵ
௣ ൅ 𝑥ଶ

௤ ൌ 𝑥ଷ
௥ does not have a solution of integer. 

 
The solution set 𝑥ଵ

௣ ൌ ሼ1௣, 2௣，3௣,⋯ , 𝑗௣,⋯ ,𝑁ሽ,𝑥ଶ
௤ ൌ

ሼ1௤ , 2௤，3௤ ,⋯ , 𝑗௤ ,⋯ ,𝑁ሽ and 𝑥ଷ
௥ ൌ

ሼ1௥ , 2௥，3௥ ,⋯ , 𝑗௥ ,⋯ ,𝑁ሽ is a part of integer set 𝑦௜ሺ𝑖 ൌ
1,2,3ሻ ൌ ሼ1, 2，3,⋯ , 𝑗,⋯ ,𝑁ሽ.  
 
Because all solutions of integer ሺ𝑦ଵ,𝑦ଶ,𝑦ଷሻ to the equation 
𝑦ଵ ൅ 𝑦ଶ ൌ 𝑦ଷcontains all solutions of integer ሺ𝑥ଵ, 𝑥ଶ, 𝑥ଷሻ to the 
equation 𝑥ଵ

௣ ൅ 𝑥ଶ
௤ ൌ 𝑥ଷ

௥, or ሺ𝑥ଵ, 𝑥ଶ, 𝑥ଷሻ ⊂ ሺ𝑦ଵ,𝑦ଶ,𝑦ଷሻ, to 
determine whether or not the equation 𝑥ଵ

௣ ൅ 𝑥ଶ
௤ ൌ 𝑥ଷ

௥has 
solutions, just need to calculate the number of solutions to the 
equation 𝑥ଵ

௣ ൅ 𝑥ଶ
௤ ൌ 𝑥ଷ

௥.  
 
The number ห𝑥ଵ

௣ห,ห𝑥ଶ
௤ห and |𝑥ଷ

௥| of solution sets 𝑥ଵ
௣ ൌ

ሼ1௣, 2௣，3௣,⋯ , 𝑗௣,⋯ ,𝑁ሽ, 𝑥ଶ
௤ ൌ ሼ1௤ , 2௤，3௤ ,⋯ , 𝑗௤ ,⋯ ,𝑁ሽ 

and 𝑥ଷ
௥ ൌ ሼ1௥ , 2௥，3௥ ,⋯ , 𝑗௥ ,⋯ ,𝑁ሽ is ห𝑥ଵ

௣ห=𝑁
భ
೛,ห𝑥ଶ

௤ห=𝑁
భ
೜ and 

|𝑥ଷ
௥|=𝑁

భ
ೝ. 

 
The number of solutions to equation 𝑥ଵ

௣ ൅ 𝑥ଶ
௤ ൌ 𝑥ଷ

௥  is equal to 
the number of solutions to equation 𝑥ଵ

௣ ൅ 𝑥ଶ
௤ െ 𝑥ଷ

௥ ൌ 𝑁 or 
𝑥ଵ
௣ ൅ 𝑥ଶ

௤ ൅ 𝑥ଷ
௥ ൌ 𝑁. 

 
We have the approximate number of solutions to 
equation 𝑥ଵ

௣ ൅ 𝑥ଶ
௤ ൅ 𝑥ଷ

௥ ൌ 𝑁 
 

𝑁𝑆 ∼
ଵ

ଶ！

ห௫భ
೛หൈห௫మ

೜หൈห௫య
ೝห

|௫య|
ൌ

ଵ

ଶ！

ே
భ
೛ൈே

భ
೜ൈே

భ
ೝ

ே
ൌ

ே
భ
೛శ

భ
೜శ

భ
ೝషభ

ଶ！
               (41) 

 

If 
ଵ

௣
൅

ଵ

௤
൅

ଵ

௥
-1<0, the number of solutions to the equation 

𝑥ଵ
௣ ൅ 𝑥ଶ

௤ ൌ 𝑥ଷ 
௥ is 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑁𝑆 ∼
ଵ

ଶ！

ห௫భ
೛หൈห௫మ

೜หൈห௫య
ೝห

|௫య|
ൌ

ଵ

ଶ！

ே
భ
೛ൈே

భ
೜ൈே

భ
ೝ

ே
ൌ

ே
భ
೛శ

భ
೜శ

భ
ೝషభ

ଶ！
൏ 1        (42) 

 
The equation 𝑥ଵ

௣ ൅ 𝑥ଶ
௤ ൌ 𝑥ଷ

௥does not have a solution for 
integers.  
Proof completed. 
 
Nevanlinna theory deals with the growth of zeros and poles 
(roots or solution sets) of meromorphic functions. According 
to Vojta's conjecture, there is a corresponding (similar) 
relationship between Nevanlinna theory in function fields and 
the abc conjecture in number fields (including integers). Since 
the general Fermat conjecture can be derived from the abc 
conjecture and concerns the number of zeros (roots or 
solutions) of equations, Nevanlinna theory, the abc conjecture, 
Vojta's conjecture, and the general Fermat conjecture all those 
problem is the same class of problems related to the number of 
zeros (roots or solutions) of equations. This article presents an 
approximate combinatorial method for estimating the number 
of integer solutions to general Diophantine equations with 
countable solution sets. The applicable countable solution sets 
include integers, rational numbers, prime numbers, algebraic 
numbers, polynomials, algebraic number fields, and function 
fields. Some problems can also be transformed into counting 
number of solutions of equations. For applications of this 
method in other areas, such as the essence and number of 
solutions of the abc conjecture, and so forth, please refer to the 
reference [5]. 
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