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Abstract 
 

Error estimation for the E(x) = 𝜓ሺ𝑥ሻ െ 𝑥 has been a long time discussion hot topic for most of the mathematicians research. In the present paper, 
this author tries to relate some the significant number theorem(s) and equation(s) between the Riemann Zeta function and the Prime Distributions 
together with my previous results in the magnified proof in the Riemann Hypothesis – x = 0.5 is the only saddle point among all of the 
equilibrium points in the critical region 0 < x < 0.9 (in fact these equilibrium points and the only saddle point) are the intersections between 
ℜ൫𝜁ሺ𝑥൅𝑦𝐼ሻ൯ൌℑ൫𝜁ሺ𝑥൅𝑦𝐼ሻ൯,) where ℜ൫𝜁ሺ𝑥൅𝑦𝐼ሻ൯ is continuous and x = 0.5 is unique as well as there is only one pole at x = 1 (this author will 
prove them in details). At the same time, all of the other points excluding x = 0.5 will oscillate to spread for both sides with the equilibrium point 
laying in the middle. Certainly, there is also a mirror image converse for the above depicted Riemann Hypothesis picture which will be listed in a 
table format at the end of this author’s conclusion section. Moreover, from the sandwiched logarithmic equations between the Prime Number 
Theorem’s error estimation, we may further employ the Fourier & its Inverse Transform together with the Laplace Transform and its Inverse 
Transform so as to get the modified Zeta function without the pole “1”. By mapping the “1” to 𝑒௭ through the Z-transform we may further get 
the wanted “Zeta Filter” and in the mirror inverse Z-transform, we may also find the “Prime Filter”. All of these filter may be in practice useful 
in applying to solve our present cryptography for the encryption and decryption etc. Last but not least, this author will end the present research 
project with an operator model plus the conclusion paper in cryptography. 
 

Keywords: Artificial Intelligence System, Prime Error Formula Convergence, Riemann Hypothesis Error, Prime Distribution, Novel Fuzzy Fourier 
Transformation. 
 

	

INTRODUCTION 

 
The connection issue between the Riemann Zeta function and the Prime Distributions lies in the Riemann Explicit Formula as 
below: 
 

 𝜓ሺ𝑥ሻൌ𝑥 െ ∑ ௫ഐ

ఘఘ െ
ଵ

ଶ
𝑙𝑛ሺ1 െ 𝑥ିଶሻ െ 𝑙𝑛ሺ2𝜋ሻ 

 
In fact, we may also express the prime counting function as following: 
 

 𝜓ሺ𝑥ሻൌ
ଵ

ଶగ௜
׬ െ

఍ᇱሺ௦ሻ

఍ሺ௦ሻ

௖൅௜ஶ
௖ି௜ஶ

௫ೞ

௦
𝑑𝑠or the so-called Perron’s Integral. 

 
By evaluating the above Perron’s Integral, we may get: 
Pole at s = 1 which will give the main term “x”; 

Poles at 𝜌: those non trivial zeta zeros will give the oscillatory terms “െ∑
௫ഐ

ఘఘ ”. 

 
In practice, the error term in the Prime Number Theorem is defined as: 
 
E(x) = 𝜓ሺ𝑥ሻ െ 𝑥 
 
where its size depends on the real part (𝛽) of the zeros 𝜌ൌ𝛽൅𝛾𝑖. 
 
If we shift the to a vertical line Re(s) = 𝛩, the error term behaves like O(𝑥௵൅ఢ). 
 
Hence, according to my previous results – Riemann Hypothesis is true as x = 0.5 is just the saddle (or turning) point among all of 
the equilibrium points in the critical region 0 < x < 0.9 while x = 1 is the only pole. Then the contour will be shifted almost to the 
critical line and resulted in the smallest possible error estimate: E(x) = O(√𝑥𝑙𝑛ሺ𝑥ሻ. Moreover, for all of the other equilibrium 
points excluding the x = 0.5, then the error estimate will be O(𝑥௵൅ఢ) such as O(𝑥଴.ଵ൅ఢ), O(𝑥଴.଻൅ఢ) and O(𝑥଴.ଽ൅ఢ) but must NOT be 
the minimum. 
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f(a) = g(a) = 0
e limit of f(x) /

0, and 
/ g(x)  



Thus, we have: 
 

 𝑙𝑖𝑚௫→௔
௙ሺ௫ሻ

௚ሺ௫ሻ
 = 𝑙𝑖𝑚௫→௔

௙ሺ೙ሻሺ௔ሻ൅
೑ሺ೙൅భሻቀ഍೑ቁ

ሺ೙൅భሻ
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௚ሺ೙ሻሺ௔ሻ൅
೒ሺ೙൅భሻ൫഍೒൯

ሺ೙൅భሻ
ሺ௫ି௔ሻ

 

   

      = 
௙ሺ೙ሻሺ௔ሻ

௚ሺ೙ሻሺ௔ሻ
. 

 

To go ahead a step, let F’(a) = 𝑙𝑖𝑚௫→௔
௙ሺ೙ሻሺ௫ሻ

௚ሺ೙ሻሺ௫ሻ
, then 

 

𝑙𝑖𝑚௫→௔ 𝐹 ′ሺ𝑥ሻ= 𝑙𝑖𝑚௫→௔
ிሺ௫ሻିிሺ௔ሻ

௫ି௔
 

  

       = 𝑙𝑖𝑚௫→௔
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       = 𝑙𝑖𝑚௫→௔
௙ሺ೙ሻሺ௫ሻ

௚ሺ೙ሻሺ௫ሻ
. 

 
II. An Analytical Supplementary Proof to the Riemann Hypothesis 
 
Let f(x) = ∑

௫೙
௡ೞ

, then consider the following Taylor Expansion of f(x), we have: 

 

 f(x) = ∑
௙ሺ೙ሻሺ௔ሻ

௡!
ሺ𝑥 െ 𝑎ሻ௡൅

௙ሺ೙൅భሻ൫క೑൯

ሺ௡൅ଵሻ!
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 i.e. 
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௞!
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 + 
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ሺ௡൅ଵሻ!
ሺ𝑥 െ 𝑎ሻ 

Obviously, by taking the limit of the error term 
௙ሺ೙൅భሻ൫క೑൯

ሺ௡൅ଵሻ!
ሺ𝑥 െ 𝑎ሻ is just zero  

for “x → a” as: 
 

 
௙ሺ೙൅భሻ൫క೑൯

ሺ௡൅ଵሻ!
ሺ𝑥 െ 𝑎ሻ = 

ሺ௡!ሻ௙ሺ௫ሻ

ሺ௫ି௔ሻ೙
-∑

௞!

ሺ௡ି௞ሻ!

௙ሺೖሻሺ௔ሻ

ሺ௫ି௔ሻೖ
 

 

But 𝑙𝑖𝑚௫→௔
௙ሺ೙൅భሻ൫క೑൯

ሺ௡൅ଵሻ!
ሺ𝑥 െ 𝑎ሻ= 0, hence we have: 

 

 𝑙𝑖𝑚௫→௔.(
ሺ௡!ሻ௙ሺ௫ሻ

ሺ௫ି௔ሻ೙
-∑

௞!

ሺ௡ି௞ሻ!

௙ሺೖሻሺ௔ሻ

ሺ௫ି௔ሻೖ
) = 0 

 
Take the contour integral for the both side, then we have: 
 

∮
ሺ௡!ሻ௙ሺ௫ሻ

ሺ௫ି௔ሻ೙
𝑑𝑥= ∮∑

௞!

ሺ௡ି௞ሻ!

௙ሺೖሻሺ௔ሻ

ሺ௫ି௔ሻೖ
𝑑𝑥 

 

∮∑
௞!

ሺ௡ି௞ሻ!

௙ሺೖሻሺ௔ሻ

ሺ௫ି௔ሻೖ
𝑑𝑥= ∑

௞!

ሺ௡ି௞ሻ!
𝑓ሺ௞ሻሺ𝑎ሻ ∮

ଵ

ሺ௫ି௔ሻೖ
𝑑𝑥 

 

But the contour line integral of ∮
ଵ

ሺ௫ି௔ሻೖ
𝑑𝑥 is only zero for 𝑘 ് െ1, thus we conclude that: ∮∑

௞!

ሺ௡ି௞ሻ!

௙ሺೖሻሺ௔ሻ

ሺ௫ି௔ሻೖ
𝑑𝑥 = 0.  

 

Or by differentiating both sides, we get: ∑
௞!

ሺ௡ି௞ሻ!

௙ሺೖሻሺ௔ሻ

ሺ௫ି௔ሻೖ
 = 0 converges with a zero error function 
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ሺ௡!ሻ௙ሺ௫ሻ
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converges to a zero. In other words,  
 

the Taylor Expansion of f(x) = ∑
௫೙
௡ೞ

 = ∑
௙ሺ೙ሻሺ௔ሻ

௡!
ሺ𝑥 െ 𝑎ሻ௡൅

௙ሺ೙൅భሻ൫క೑൯

ሺ௡൅ଵሻ!
ሺ𝑥 െ 𝑎ሻሺ௡൅ଵሻ converges with an error free tailer term or f(x) = 

∑௫೙
௡ೞ

 = ∑
௙ሺ೙ሻሺ௔ሻ

௡!
ሺ𝑥 െ 𝑎ሻ௡.  

 
(N.B.Alternatively, by taking the contour integral of the error term, we get: 
 

∮
௙ሺ೙൅భሻ൫క೑൯

ሺ௡൅ଵሻ!
ሺ𝑥 െ 𝑎ሻ 𝑑𝑥= ∮

௙ሺ೙൅భሻ൫క೑൯

ሺ௡൅ଵሻ!ሺ௫ି௔ሻషభ
𝑑𝑥 

820                                             International Journal of Science Academic Research, Vol. 07, Issue 05, pp.818-849, May 2026 



   = 
ቚቀ௙ሺ೙൅భሻ൫క೑൯ቁቚ

ሺ௡൅ଵሻ!
∮

ଵ

ሺ௫ି௔ሻషభ
𝑑𝑥 

   = (2nπI) 
ቚቀ௙ሺ೙൅భሻ൫క೑൯ቁቚ

ሺ௡൅ଵሻ!
 

which is in practice a constant. 
 
Now, consider the differentiation of the both sides, we get: 
 

𝜕 ∮
௙ሺ೙൅భሻ൫క೑൯

ሺ௡൅ଵሻ!
ሺ𝑥 െ 𝑎ሻ 𝑑𝑥=𝜕 ൭ሺ2𝑛𝜋𝐼ሻ

ቚቀ௙ሺ೙൅భሻ൫క೑൯ቁቚ

ሺ௡൅ଵሻ!
൱ 

 

or
௙ሺ೙൅భሻ൫క೑൯

ሺ௡൅ଵሻ!
ሺ𝑥 െ 𝑎ሻ= 0). 

 
To sum up, this writer concludes that we can always approximate the Dirichlet Series f(x) = ∑

௫೙
௡ೞ

 or the Riemann Zeta function 

∑ ଵ

௡ೞ
by the Taylor Expansion ∑

௙ሺ೙ሻሺ௔ሻ

௡!
ሺ𝑥 െ 𝑎ሻ௡ even with an error free tailer term.  

 
Then according to the Perron Formula without Error Estimates [], 
 

  f(x) = ∑
௫೙
௡ೞ

 = ∑
௙ሺ೙ሻሺ௔ሻ

௡!
ሺ𝑥 െ 𝑎ሻ௡ 

           = 
ଵ

ଶగூ
׬ 𝑓ሺ𝑠൅𝑤ሻ

௫ೢ

௪

௖൅ூஶ
௖ିூஶ 𝑑𝑤 

 

(N.B. The error term for the Taylor Expansion of f(x) = ∑
௫೙
௡ೞ

 = ∑
௙ሺ೙ሻሺ௔ሻ

௡!
ሺ𝑥 െ 𝑎ሻ௡is just (2πI) 

ቚቀ௙ሺ೙൅భሻ൫క೑൯ቁቚ
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 , the error term for  

ଵ
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௫మ

|௧|మ
). 

Hence, the Taylor Expansion for the function 
఍ᇱሺ௦ሻ

఍ሺ௦ሻ
 will also have an error free tailer term.  

 
Or in practice, 
 

The error term of  
఍ᇱሺ௦ሻ

఍ሺ௦ሻ ்௔௬௟௢௥
 in general is: 
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ሺ೙൅మሻ!
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ଶగூ
೑ሺ೙൅భሻ൬അ೑ሺ೙൅భሻ൰

ሺ೙൅భሻ!
ሺ௫ି௔ሻሺ೙൅భሻ

. Now, by considering the contour integral of the such error term of 
఍ᇱሺ௦ሻ

఍ሺ௦ሻ ்௔௬௟௢௥
, we will have: 

 

∮
ெమሺ௫ି௔ሻ

ଶగூெభሺ௡൅ଶሻ
𝑑𝑠= 

|ሺெమሻ||ሺ௫ି௔ሻ|

ଶగூ|ሺெభሻ||ሺ௡൅ଶሻ|
ሺ0ሻ = 0. Hence, we may conclude that: 

 

ΦTaylor(s) =  ׬ 0
௔൅௜்
௔ି௜் ∗

௫ೞ൅భ

௦ሺ௦൅ଵሻ
𝑑𝑠 = 0 * max(1, 𝑥௔൅ଵ) 

ሺ௔ିଵሻ

ேሺேିଵሻ
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But the error term of  
఍ᇱሺ௦ሻ

఍ሺ௦ሻ

௫ೞ൅భ

௦ሺ௦൅ଵሻ
, i.e.  

𝛷ሺ𝑠ሻ ≪ ሺ𝑙𝑜𝑔𝑁ሻଵ଴𝑚𝑎𝑥ሺ1, 𝑥௔൅ଵሻ
ሺ௔ିଵሻ

ሾேሺேିଵሻሿ
. 

 
Therefore, this writer has find an error which is equal to a zero (or the best exact value without a small errored value like the Φ(s)) 
for the ΦTaylor(s) function when the zeta function is approximated by the Taylor Series Expression instead of the normal calculated 

one, i.e. 𝛷ሺ𝑠ሻ ≪ ሺ𝑙𝑜𝑔𝑁ሻଵ଴𝑚𝑎𝑥ሺ1, 𝑥௔൅ଵሻ
ሺ௔ିଵሻ

ሾேሺேିଵሻሿ
. 

 
(N.B.1. In general (but NOT for the Discrete Fourier Transform), if we take the contour integral of the Taylor Expression Error 
term with respect to the (n+k), then we may have: 
 

∮
ெమ

ଶగூெభ

ሺ௫ି௔ሻ

ሺ௡൅௞ሻ
𝑑ሺ𝑛൅𝑘ሻ= 

ெమ

ெభ
|ሺ𝑥 െ 𝑎ሻ|. 

 
Now, obviously, we may also find: 
 

0 ൑
𝑀ଶ

𝑀ଵ
|ሺ𝑥 െ 𝑎ሻ| ൑ 𝑘 ∗ 𝛿ൌ𝛿ଵ 
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which is actually the radius of convergence for the such of the contour integral. 
 
N.B.2. In the sense of engineering, the prime number is linked with the zeta function with the following relationship: 
∏ ଵ

ଵି௣షೞ௣∈௣௥௜௠௘ (by a Discrete Fourier Transform into) ሺ1 െ 2ି௦ሻ𝜁ሺ𝑠ሻ = 𝜂ሺ𝑠ሻ. 

 
In general, the Riemann Zeta function can be viewed as the subset of the Hurwith Zeta function, which is defined as: 
 

 𝜁ሺ𝑠, 𝑞ሻൌ∑
ଵ

ሺ௤൅௡ሻೞ
ஶ
௡ൌ଴ . 

 
Without lost of generality, for a given sequence of N complex numbers, say, {x0, x1, x2, …, xN-1}, this sequence of the complex 
number can be transformed by the discrete Fourier Transform into an N-periodic sequence of complex numbers with: 
 

 𝑥௞ = ∑ 𝑥௡ ∗ 𝑒
ష಺మഏೖ೙

ಿேିଵ
௡ൌ଴  

 
But in fact, the discrete Fourier Transform of the Hurwitz Zeta function with respect to the order of s is the Legendre chi function, 
which is defined as: 
 

 𝑋௦ሺ𝑧ሻൌ∑
௭మೖ൅భ

ሺଶ௞൅ଵሻೞ
ஶ
௞ൌ଴  

 

In the case of the Zeta function, this is just the ∑
ଵ

ሺଶ௞൅ଵሻೞ
ஶ
௞ൌ଴  (for a practically computer simulation case study) which can be 

expressed in terms of Taylor Series by the Canadian Maple Soft (up to the order of 5 for a case study): 
 

෍
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൅
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൅
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𝑒൫ሺ௨൅௩∗ூሻ∗௟௡ሺଶ∗௞൅ଵሻ൯
൅

ேିଵ

௞ൌ଴

 

ቀ
ିସ∗൫ିଷ∗௨∗௩మ൅ଷ∗௩మ൅ଷ∗ூ∗௨మ∗௩ି௩య∗ூି଺∗ூ∗௨∗௩൅௨య൅ሺଶ∗௩ሻ∗ூିଷ∗௨మ൅ଶ∗௨൯

ሺଷ∗ሺଶ∗௞൅ଵሻయሻ
൅

ସ∗൫ି௩మ൅ଶ∗ூ∗௨∗௩ି௩∗ூ൅௨మି௨൯∗ሺ௨൅௩∗ூሻ

ሺଶ∗௞൅ଵሻయ
െ

ସ∗൫ି௩మ൅ଶ∗ூ∗௨∗௩൅௩∗ூ൅௨మ൅௨൯∗ሺ௨൅௩∗ூሻ

ሺଶ∗௞൅ଵሻయ
ቁ ∗ ሺ𝑛 െ 𝑘ሻଷ

𝑒൫ሺ௨൅௩∗ூሻ∗௟௡ሺଶ∗௞൅ଵሻ൯
൅ 

 

ቀ
ିଶ∗൫ି଺∗௨మ∗௩మ൅௩ర൅ଵ଼∗௨∗௩మ൅ସ∗ூ∗௨య∗௩൅଺∗ூ∗௩యିଵଵ∗௩మିସ∗ூ∗௨∗௩యିଵ଼∗ூ∗௨మ∗௩൅௨ర൅ଶଶ∗ூ∗௨∗௩ି଺∗௨యିሺ଺∗௩ሻ∗ூ൅ଵଵ∗௨మି଺∗௨൯

ሺଷ∗ሺଶ∗௞൅ଵሻరሻ
൅

଼∗൫ିଷ∗௨∗௩మ൅ଷ∗௩మ൅ଷ∗ூ∗௨మ∗௩ି௩య∗ூି଺∗ூ∗௨∗௩൅௨య൅ሺଶ∗௩ሻ∗ூିଷ∗௨మ൅ଶ∗௨൯∗ሺ௨൅௩∗ூሻ

ሺଷ∗ሺଶ∗௞൅ଵሻరሻ
െ

ସ∗൫ି௩మ൅ଶ∗ூ∗௨∗௩൅௩∗ூ൅௨మ൅௨൯∗൫ି௩మ൅ଶ∗ூ∗௨∗௩ି௩∗ூ൅௨మି௨൯

ሺଶ∗௞൅ଵሻర
൅

଼∗൫ିଷ∗௩మ൅ଷ∗ூ∗௨మ∗௩ି௩య∗ூ൅଺∗ூ∗௨∗௩൅௨యିଷ∗௨∗௩మ൅ሺଶ∗௩ሻ∗ூ൅ଷ∗௨మ൅ଶ∗௨൯∗ሺ௨൅௩∗ூሻ

ሺଷ∗ሺଶ∗௞൅ଵሻరሻ
ቁ ∗ ሺ𝑛 െ 𝑘ሻସ

𝑒൫ሺ௨൅௩∗ூሻ∗௟௡ሺଶ∗௞൅ଵሻ൯
 

= 

∑ 𝑒ି൫ሺ௨൅௩∗ூሻ∗௟௡ሺଶ∗௞൅ଵሻ൯ேିଵ
௞ൌ଴ ൬1 െ

ଶ∗ሺ௨൅௩∗ூሻ∗ሺ௡ି௞ሻ

൫ሺଶ∗௞൅ଵሻ൯
൅ ቀ

ିଶ∗ሺି௩మ൅ଶ∗ூ∗௨∗௩ି௩∗ூ൅௨మି௨ሻ

ሺଶ∗௞൅ଵሻమ
൅

ସ∗ሺ௨൅௩∗ூሻమ

ሺଶ∗௞൅ଵሻమ
ቁ ∗

ሺ𝑛 െ 𝑘ሻଶ൅ቀ
ିସ∗ሺିଷ∗௨∗௩మ൅ଷ∗௩మ൅ଷ∗ூ∗௨మ∗௩ି௩య∗ூି଺∗ூ∗௨∗௩൅௨య൅ሺଶ∗௩ሻ∗ூିଷ∗௨మ൅ଶ∗௨ሻ

ሺଷ∗ሺଶ∗௞൅ଵሻయሻ
൅

ସ∗ሺି௩మ൅ଶ∗ூ∗௨∗௩ି௩∗ூ൅௨మି௨ሻ∗ሺ௨൅௩∗ூሻ

ሺଶ∗௞൅ଵሻయ
െ

ସ∗ሺି௩మ൅ଶ∗ூ∗௨∗௩൅௩∗ூ൅௨మ൅௨ሻ∗ሺ௨൅௩∗ூሻ

ሺଶ∗௞൅ଵሻయ
ቁ ∗

ሺ𝑛 െ 𝑘ሻଷ൅ቀ
ିଶ∗ሺି଺∗௨మ∗௩మ൅௩ర൅ଵ଼∗௨∗௩మ൅ସ∗ூ∗௨య∗௩൅଺∗ூ∗௩యିଵଵ∗௩మିସ∗ூ∗௨∗௩యିଵ଼∗ூ∗௨మ∗௩൅௨ర൅ଶଶ∗ூ∗௨∗௩ି଺∗௨యିሺ଺∗௩ሻ∗ூ൅ଵଵ∗௨మି଺∗௨ሻ

ሺଷ∗ሺଶ∗௞൅ଵሻరሻ
൅

଼∗ሺିଷ∗௨∗௩మ൅ଷ∗௩మ൅ଷ∗ூ∗௨మ∗௩ି௩య∗ூି଺∗ூ∗௨∗௩൅௨య൅ሺଶ∗௩ሻ∗ூିଷ∗௨మ൅ଶ∗௨ሻ∗ሺ௨൅௩∗ூሻ

ሺଷ∗ሺଶ∗௞൅ଵሻరሻ
െ

ସ∗ሺି௩మ൅ଶ∗ூ∗௨∗௩൅௩∗ூ൅௨మ൅௨ሻ∗ሺି௩మ൅ଶ∗ூ∗௨∗௩ି௩∗ூ൅௨మି௨ሻ

ሺଶ∗௞൅ଵሻర
൅

଼∗ሺିଷ∗௩మ൅ଷ∗ூ∗௨మ∗௩ି௩య∗ூ൅଺∗ூ∗௨∗௩൅௨యିଷ∗௨∗௩మ൅ሺଶ∗௩ሻ∗ூ൅ଷ∗௨మ൅ଶ∗௨ሻ∗ሺ௨൅௩∗ூሻ

ሺଷ∗ሺଶ∗௞൅ଵሻరሻ
ቁ ∗ ሺ𝑛 െ 𝑘ሻସ൰ 

and is obviously in the Discrete Fourier Transform format.)  
 
Or to be precise,  
∏ ଵ

ଵି௣షೞ௣∈௣௥௜௠௘ (by Discrete Fourier Transform into) ζ(s)  
ζ(s) = 

ଵ

ሺଵିଶషೞሻ
*∑ 𝑒ି൫ሺ௨൅௩∗ூሻ∗௟௡ሺଶ∗௞൅ଵሻ൯ேିଵ

௞ൌ଴ ൬1 െ
ଶ∗ሺ௨൅௩∗ூሻ∗ሺ௡ି௞ሻ

൫ሺଶ∗௞൅ଵሻ൯
൅ ቀ

ିଶ∗ሺି௩మ൅ଶ∗ூ∗௨∗௩ି௩∗ூ൅௨మି௨ሻ

ሺଶ∗௞൅ଵሻమ
൅

ସ∗ሺ௨൅௩∗ூሻమ

ሺଶ∗௞൅ଵሻమ
ቁ ∗

ሺ𝑛 െ 𝑘ሻଶ൅ቀ
ିସ∗ሺିଷ∗௨∗௩మ൅ଷ∗௩మ൅ଷ∗ூ∗௨మ∗௩ି௩య∗ூି଺∗ூ∗௨∗௩൅௨య൅ሺଶ∗௩ሻ∗ூିଷ∗௨మ൅ଶ∗௨ሻ

ሺଷ∗ሺଶ∗௞൅ଵሻయሻ
൅

ସ∗ሺି௩మ൅ଶ∗ூ∗௨∗௩ି௩∗ூ൅௨మି௨ሻ∗ሺ௨൅௩∗ூሻ

ሺଶ∗௞൅ଵሻయ
െ

ସ∗ሺି௩మ൅ଶ∗ூ∗௨∗௩൅௩∗ூ൅௨మ൅௨ሻ∗ሺ௨൅௩∗ூሻ

ሺଶ∗௞൅ଵሻయ
ቁ ∗

ሺ𝑛 െ 𝑘ሻଷ൅ቀ
ିଶ∗ሺି଺∗௨మ∗௩మ൅௩ర൅ଵ଼∗௨∗௩మ൅ସ∗ூ∗௨య∗௩൅଺∗ூ∗௩యିଵଵ∗௩మିସ∗ூ∗௨∗௩యିଵ଼∗ூ∗௨మ∗௩൅௨ర൅ଶଶ∗ூ∗௨∗௩ି଺∗௨యିሺ଺∗௩ሻ∗ூ൅ଵଵ∗௨మି଺∗௨ሻ

ሺଷ∗ሺଶ∗௞൅ଵሻరሻ
൅

଼∗ሺିଷ∗௨∗௩మ൅ଷ∗௩మ൅ଷ∗ூ∗௨మ∗௩ି௩య∗ூି଺∗ூ∗௨∗௩൅௨య൅ሺଶ∗௩ሻ∗ூିଷ∗௨మ൅ଶ∗௨ሻ∗ሺ௨൅௩∗ூሻ

ሺଷ∗ሺଶ∗௞൅ଵሻరሻ
െ

ସ∗ሺି௩మ൅ଶ∗ூ∗௨∗௩൅௩∗ூ൅௨మ൅௨ሻ∗ሺି௩మ൅ଶ∗ூ∗௨∗௩ି௩∗ூ൅௨మି௨ሻ

ሺଶ∗௞൅ଵሻర
൅

଼∗ሺିଷ∗௩మ൅ଷ∗ூ∗௨మ∗௩ି௩య∗ூ൅଺∗ூ∗௨∗௩൅௨యିଷ∗௨∗௩మ൅ሺଶ∗௩ሻ∗ூ൅ଷ∗௨మ൅ଶ∗௨ሻ∗ሺ௨൅௩∗ூሻ

ሺଷ∗ሺଶ∗௞൅ଵሻరሻ
ቁ ∗ ሺ𝑛 െ 𝑘ሻସቁ 

 
which is what we may expect for the present (engineering) reality in the Discrete Fourier Transform and thus we may establish a 
case study connection between the prime number and the Riemann Zeta function.) 
In the mirror image (or the inverse Discrete Fourier Transform) of the above Taylor Series expression of ζ(s), we may get: 
 
∏ ଵ

ଵି௣షೞ௣∈௣௥௜௠௘ = 

ଵ

ሺଵିଶషೞሻ
*∑ 𝑒൫ሺ௨൅௩∗ூሻ∗௟௡ሺଶ∗௞൅ଵሻ൯ேିଵ

௞ൌ଴
ଶ∗ሺ௨൅௩∗ூሻ∗ሺ஽௜௥௔௖ሺ௨൅௩∗ூሻ∗௞൅஽௜௥௔௖ሺଵ,௨൅௩∗ூሻ∗ூሻ

ሺଶ∗௞൅ଵሻ
൅

ଶ∗൫ି௩మ൅ଶ∗ூ∗௨∗௩൅௩∗ூ൅௨మ൅௨൯∗ቀଶ∗ூ∗஽௜௥௔௖ሺଵ,௨൅௩∗ூሻ∗௞൅௞మ∗஽௜௥௔௖ሺ௨൅௩∗ூሻି஽௜௥௔௖ሺଶ,௨൅௩∗ூሻቁ

ሺଶ∗௞൅ଵሻమ
൅

ଵ

ଷሺଶ௞൅ଵሻయ
4 ∗

ሺെ3 ∗ 𝑣ଶ൅3 ∗ 𝐼 ∗ 𝑢ଶ ∗ 𝑣 െ 𝑣ଷ ∗ 𝐼൅6 ∗ 𝐼 ∗ 𝑢 ∗ 𝑣൅𝑢ଷ െ 3 ∗ 𝑢 ∗ 𝑣ଶ൅ሺ2 ∗ 𝑣ሻ ∗ 𝐼൅3 ∗ 𝑢ଶ൅2 ∗ 𝑢ሻ ∗ ሺ3 ∗ 𝐼 ∗ 𝐷𝑖𝑟𝑎𝑐ሺ1,𝑢൅𝑣 ∗ 𝐼ሻ ∗ 𝑘ଶ൅𝐷𝑖𝑟𝑎𝑐ሺ𝑢൅𝑣 ∗ 𝐼ሻ ∗ 𝑘ଷ െ
𝐷𝑖𝑟𝑎𝑐ሺ3,𝑢൅𝑣 ∗ 𝐼ሻ ∗ 𝐼 െ 3 ∗ 𝐷𝑖𝑟𝑎𝑐ሺ2,𝑢൅𝑣 ∗ 𝐼ሻ ∗ 𝑘ሻ൅

ଵ

ଷሺଶ௞൅ଵሻర
2 ∗ ሺ4 ∗ 𝐼 ∗ 𝑢ଷ ∗ 𝑣 െ 4 ∗ 𝐼 ∗ 𝑢 ∗ 𝑣ଷ൅18 ∗ 𝐼 ∗ 𝑢ଶ ∗ 𝑣 െ 6 ∗ 𝐼 ∗ 𝑣ଷ൅𝑢ସ െ 6 ∗ 𝑢ଶ ∗ 𝑣ଶ൅𝑣ସ൅22 ∗ 𝐼 ∗ 𝑢 ∗

𝑣൅6 ∗ 𝑢ଷ െ 18 ∗ 𝑢 ∗ 𝑣ଶ൅ሺ6 ∗ 𝑣ሻ ∗ 𝐼൅11 ∗ 𝑢ଶ െ 11 ∗ 𝑣ଶ൅6 ∗ 𝑢ሻ ∗ ൫4 ∗ 𝐼 ∗ 𝐷𝑖𝑟𝑎𝑐ሺ1,𝑢൅𝑣 ∗ 𝐼ሻ ∗ 𝑘ଷ൅𝐷𝑖𝑟𝑎𝑐ሺ𝑢൅𝑣 ∗ 𝐼ሻ ∗ 𝑘ସ െ 4 ∗ 𝐼 ∗ 𝐷𝑖𝑟𝑎𝑐ሺ3,𝑢൅𝑣 ∗ 𝐼ሻ ∗ 𝑘 െ 6 ∗
𝐷𝑖𝑟𝑎𝑐ሺ2,𝑢൅𝑣 ∗ 𝐼ሻ ∗ 𝑘ଶ൅𝐷𝑖𝑟𝑎𝑐ሺ4,𝑢൅𝑣 ∗ 𝐼ሻ൯ 
 
which is my proposed model equation for the Riemann Zeta function expressed by the product of prime numbers.By the way, after 
simplification, we may get: 
 

1
3 ∗ ሺ2 ∗ 𝑘൅1ሻସ

൭ሺെ276൅192 ∗ 𝑘ଶ൅ሺ48 െ 528 ∗ 𝐼ሻ ∗ 𝑘ሻ ∗ 𝐷𝑖𝑟𝑎𝑐ሺ1,𝑢൅𝑣 ∗ 𝐼ሻ൅ሺ264 െ 6 ∗ 𝑘ଶ൅ሺെ3൅144 ∗ 𝐼ሻ ∗ 𝑘ሻ ∗ 𝐷𝑖𝑟𝑎𝑐ሺ2,𝑢൅𝑣 ∗ 𝐼ሻ൅൫ሺെ2 ∗ 𝐼 ∗ 𝑘 െ 48ሻ െ 𝐼൯

∗ 𝐷𝑖𝑟𝑎𝑐ሺ3,𝑢൅𝑣 ∗ 𝐼ሻ െ 192 ∗ 𝐷𝑖𝑟𝑎𝑐ሺ𝑢൅𝑣 ∗ 𝐼ሻ ∗ ൬𝑘ଷ ∗ 𝐼൅ ൬
13
8
൅

3 ∗ 𝐼
4
൰ ∗ 𝑘ଶ൅൬

1
4
െ

5 ∗ 𝐼
4
൰ ∗ 𝑘 െ

3
16

൅
𝐼

32
൰ቇ 
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If we solve for the values of k for each section of the Dirac functions, we may obtain: 
 
1. solve(-276 + 192*k^2 + (48 - 528*y)*k, k) 
 

k = 
ିଵ

଼
൅

ଵଵ∗௬

଼
൅

ඥሺିଶ଼ିଶଶ∗௬ሻ

଼
 or k =  

ିଵ

଼
൅

ଵଵ∗௬

଼
െ

ඥሺିଶ଼ିଶଶ∗௬ሻ

଼
 

 
2. solve(264 - 6*k^2 + (-3 + 144*y)*k, k) 

k = 
ିଵ

ସ
൅12 ∗ 𝑦 െ

ඥሺିଵହଽଽିଽ଺∗௬ሻ

ସ
 or k = 

ିଵ

ସ
൅12 ∗ 𝑦൅

ඥሺିଵହଽଽିଽ଺∗௬ሻ

ସ
 

 
 
3. solve(k^3*y + (13/8 + 3*y/4)*k^2 + (1/4 - 5*y/4)*k - 3/16 + y/32, k) 

k = 
ቀିସ଼଺൅ଶଵହଽ∗௬൅ଵଶ∗ඥሺିଵଷଶଷ଺൅ଶସଷଽ∗௬ሻቁ

ቀ
భ
యቁ

ଶସ
൅

ቀ
భబళ
మర

ି
వ∗೤
మ ቁ

ቀିସ଼଺൅ଶଵହଽ∗௬൅ଵଶ∗ඥሺିଵଷଶଷ଺൅ଶସଷଽ∗௬ሻቁ
ቀ
భ
యቁ
െ

ଵ

ସ
൅

ଵଷ∗௬

ଶସ
 

or 

k = 
ିቀିସ଼଺൅ଶଵହଽ∗ூ൅ଵଶ∗ඥሺିଵଷଶଷ଺൅ଶସଷଽ∗ூሻቁ

ቀ
భ
యቁ

ସ଼
൅

ቀ
షభబళ
రఴ

൅
వ∗಺
ర
ቁ

ቀିସ଼଺൅ଶଵହଽ∗ூ൅ଵଶ∗ඥሺିଵଷଶଷ଺൅ଶସଷଽ∗ூሻቁ
ቀ
భ
యቁ
െ

ଵ

ସ
൅

ሺଵଷ∗ூ;ሻ

ଶସ
൅

ඥሺଷሻ∗൮
ቀషరఴల൅మభఱవ∗಺൅భమ∗ඥሺషభయమయల൅మరయవ∗಺ሻቁ

ቀ
భ
యቁ

భమ
൅

ቀ
షభబళ
భమ ൅వ∗಺ቁ

ቀషరఴల൅మభఱవ∗಺൅భమ∗ඥሺషభయమయల൅మరయవ∗಺ሻቁ
ቀ
భ
యቁ
൲∗ூ

ସ
 

k =ିቀିସ଼଺൅ଶଵହଽ∗ூ൅ଵଶ∗ඥሺିଵଷଶଷ଺൅ଶସଷଽ∗ூሻቁ
ቀభయቁ

ସ଼
൅

ቀ
షభబళ
రఴ

൅
వ∗಺
ర
ቁ

ቀିସ଼଺൅ଶଵହଽ∗ூ൅ଵଶ∗ඥሺିଵଷଶଷ଺൅ଶସଷଽ∗ூሻቁ
ቀభయቁ
െ

ଵ

ସ
൅

ሺଵଷ∗ூ;ሻ

ଶସ
െ

ඥሺଷሻ∗൮
ቀషరఴల൅మభఱవ∗಺൅భమ∗ඥሺషభయమయల൅మరయవ∗಺ሻቁ

ቀభయቁ

భమ
൅

ቀషభబళభమ ൅వ∗಺ቁ

ቀషరఴల൅మభఱవ∗಺൅భమ∗ඥሺషభయమయల൅మరయవ∗಺ሻቁ
ቀభయቁ

൲∗ூ

ସ
 

 
4. solve((-2*I*k - 48) - I, k) 

k = 
ିଵ

ଶ
൅24 ∗ 𝐼 

 
In the next section, this writer will use the above tools and provide an analytic proof to the Prime Number Theorem (PNT). 
 
III. An Analytic Proof to the Prime Number Theorem (PNT) 
 

Φ(s) = 
఍ᇱሺ௦ሻ

఍ሺ௦ሻ

௫ೞ൅భ

௦ሺ௦൅ଵሻ
 

 
Lemma 1: Let a1, a2, … be any real sequence and let s(x) = ∑ 𝑎௡௡⩽௫ . Further, let f(x) be a real function with continuous derivative 
f’(x) ∀ℝ൐0. Then  
  
∑ 𝑎௡௡⩽௫ 𝑓ሺ𝑛ሻ= s(x) f(x) - ׬ 𝑠

௫
ଵ

ሺ𝑢ሻ𝑓′ሺ𝑢ሻ𝑑𝑢. 
 

Lemma 2: For 𝜁ሺ𝑠ሻൌ∏ ቀ1 െ
ଵ

௣ೞ
ቁ
ିଵ

௣ , 𝑙𝑜𝑔𝜁ሺ𝑠ሻൌ െ ∑ 𝑙𝑜𝑔௣ ቀ1 െ
ଵ

௣ೞ
ቁൌ∑ ∑ ଵ

௝
ஶ
௝ൌଵ௣ 𝑝ି௝௦. 

(N.B. By letting z = 
ଵ

௣ೞ
 and taking the contour integral over z, we may get: 

∏ ∮ሺ1 െ 𝑧ሻିଵ௣ 𝑑𝑧= ∏ 2௣ 𝜋𝐼 = 2𝜋𝐼൫𝑙𝑖𝑚௣→ஶ∏𝑝൯.൑ 2𝜋𝐼𝑝௡ where p, n → ∞). 
 
Theorem 3: For any s = σ + I t with 𝜎 ൒ 1 and |𝑡| ≫ 1, we have: 
 

ቤ
𝜁′ሺ𝑠ሻ

𝜁ሺ𝑠ሻ
ቤ ≪ ሺ𝑙𝑜𝑔|𝑡|ሻଵ଴ 

 
Theorem 4: For any x > 0, we have: 
 

׬ 𝜓
௫
଴

ሺ𝑢ሻ𝑑𝑢= െ
ଵ

ଶగூ
∮

఍ᇱሺ௦ሻ

఍ሺ௦ሻ௖
௫ೞ൅భ

௦ሺ௦൅ଵሻ
𝑑𝑠 

 
where C demotes the straight line a + I t with a > 1 and -∞< t <∞ 
 

Theorem 5: We have ׬ 𝜓ሺ𝑢ሻ
௫
଴ 𝑑𝑢 ∼

ଵ

ଶ
𝑥ଶ as x → ∞. 

 

(N.B. We may directly substitute ξ(s) = ∑
௙ሺ೙ሻሺ௔ሻ

௡!
ሺ𝑥 െ 𝑎ሻ௡ or ξ(s) = 

ଵ

ଶగூ
׬ 𝑓ሺ𝑠൅𝑤ሻ

௫ೢ

௪

௖൅ூஶ
௖ିூஶ 𝑑𝑤 into the equations of the above 

theorems respectively for computing or proving the corresponding Prime Number Theorem. That say: 
 

823                                             International Journal of Science Academic Research, Vol. 07, Issue 05, pp.818-849, May 2026 



఍ᇱሺ௦ሻ

఍ሺ௦ሻ
ൌ

ቆ∑
೑ሺ೙ሻሺೌሻ
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∑೑
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೙!

ሺ௫ି௔ሻ೙
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ൌ
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௫ೢ

௪

௖൅ூஶ
௖ିூஶ 𝑑𝑤 where f(x) = ∑

ଵ

௡ೞ
.) 

 
Theorem 6: (Prime Number Theorem) We have: 
 
𝜋ሺ𝑥ሻ ∼

௫

௟௢௚௫
as x → ∞ 

 
(N.B. With the similar argument and by the Riemann-Lebesgue Lemma in the theory of the Fourier series, 
 
𝑙𝑖𝑚௫→ஶ ׬ 𝑓ሺ𝑡ሻ𝑒ூ௧௫

൅ஶ
ିஶ 𝑑𝑡ൌ0if the integral ׬ |𝑓ሺ𝑡ሻ|

൅ஶ
ିஶ 𝑑𝑡 converges. This fact implies the integral  

 

׬ |ℎሺ𝑐൅𝐼𝑡ሻ|
൅ஶ
ିஶ 𝑑𝑡also converges if c > 1, so the integral  

 

  𝑙𝑖𝑚௫→ஶ
௫೎షభ

ଶగ
׬ ℎ
൅ஶ
ିஶ

ሺ𝑐൅𝐼𝑡ሻ𝑒ூ௧௟௢௚௫ 𝑑𝑡ൌ0 where h(s) = 
ଵ

௦ሺ௦൅ଵሻ
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ଶ
where 𝜓ሺ𝑥ሻൌ∑ ∧௡⩽௫ ሺ𝑛ሻ and 𝜓ଵሺ𝑥ሻൌ׬ 𝜓ሺ𝑡ሻ

௫
ଵ 𝑑𝑡. 

 
Certainly, in practice, we may convert the integral ׬ ℎ

ஶ
ିஶ

ሺ𝑐൅𝐼𝑡ሻ𝑒ூ௧௟௢௚௫𝑑𝑡 into a Fourier series like the case as 

∑ ൫ℎሺ𝑐൅𝐼𝑡ሻ൅ℎሺെ𝑐 െ 𝐼𝑡ሻ൯𝑒ூ௧௟௢௚௫ஶ
௡ൌଵ  or just ∑ |ℎሺ𝑐൅𝐼𝑡ሻ|𝑒ூ௧௟௢௚௫ஶ

௡ൌଵ . 
 
 
A Simple Alternative Proof to the Prime Number Theorem: 
 

ଵ

ଵ൅௟௡ሺ௝൅ଵሻ
<

ଵ

ቀ
భ൅೗೙ሺೕ൅భሻ

ೕ൅భ ቁ
<pj <

ଵ

௟௡ሺ௝ሻ
<

௝

௟௡ሺ௝ሻ
 

i.e. 
௝൅ଵ

ଵ൅௟௡ሺ௝൅ଵሻ
<  pj<

௝

௟௡ሺ௝ሻ
.  

But 
௝൅ଵ

ଵ൅௟௡ሺ௝൅ଵሻ
 = 

௝ቀଵ൅
భ
ೕቁ

ଵ൅௟௡௝൅௟௡ቀଵ൅
భ
ೕቁ

 = 
௝

ଵ൅௟௡ሺ௝ሻ
 

Or  
௝

ଵ൅௟௡ሺ௝ሻ
<  pj<

௝

௟௡ሺ௝ሻ
, 

i.e. 
௝

ଵ൅௟௡ሺ௝ሻ
 = 

௝

௝ቀ
భ
ೕ
൅
೗೙ೕ
ೕ ቁ
 = 

௝

௟௡ሺ௝ሻ
<  pj<

௝

௟௡ሺ௝ሻ
 

 
By taking the limit to the both sides of the above inequality and replace j with n, we may get: 
 𝑝௡ ∼

௡

௟௡௡
which is in fact an equivalent to the first part of the Prime Number Theorem: 𝜋ሺ𝑥ሻ ∼

௫

௟௡௫
. 

 

On the other way, 
ଵ

ଵ൅௟௡ሺ௝൅ଵሻ
 = 

ଵ

ሺ௝൅ଵሻቀ
భ
ೕ൅భ

൅
೗೙ሺೕ൅భሻ
ሺೕ൅భሻ ቁ

 = 
ଵ

௟௡ሺ௝൅ଵሻ
 

    >െ
௝൅ଵ

௟௡ሺ௝൅ଵሻ
.ൎ.െ

௝

௟௡ሺ௝ሻ
 

i.e. െ
௝

௟௡ሺ௝ሻ
< Pj<

௝

௟௡ሺ௝ሻ
 

Or the radius of the convergence of Pj is just 
௝

௟௡ሺ௝ሻ
. 

 

Similarly, we have െ
௝൅ଵ

௟௡ሺ௝൅ଵሻ
< Pj+1<

௝൅ଵ

௟௡ሺ௝൅ଵሻ
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௝൅௡
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But 
௡ቀ

ೕ
೙
൅ଵቁ

௟௡௡ቀ
ೕ
೙
൅ଵቁ

 = 
௡

௟௡ሺ௡ሻ
 as n → ∞ for 

௝

௡
 → 0 and also െ

௡ቀ
ೕ
೙
൅ଵቁ

௟௡௡ቀ
ೕ
೙
൅ଵቁ

 = െ
௡

௟௡ሺ௡ሻ
, 

 
hence the radius of convergence of (the sequence Prime Number) Pn in the Prime Number Theorem is also 

௡

௟௡ሺ௡ሻ
. 

Then the next part is the computation of the error from the analytic properties of my prime number inequalities. 
 
IV. A Commercial Way of Fuzzy Fourier Series that induces an Engineering Control System 
 
Suppose there is the Universe absolute time for the two space objects A & B, that are generally moving in the Einstein General 

Relative sense. Then their absolute relative time with respect to each other is: 

೟ೃ೐೗ೀ್ೕಲ
೟abs

೟ೃ೐೗ೀ್ೕಳ
೟abs

. At the same time, suppose it is also true for 

the absolute universe time in the quantum mechanics sense, says, 𝑡abs. Hence, by equating both of the qualities, we get: 
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Optimization[Maximize](f, u = -1.1 .. 1); 
[[1.333112805391003648*1018, [log = 724.001969065715 
u = 0.382714325653233, x = 10727.8199514885]] 
 
Optimization[Maximize](f, u = -0.98 .. 1); 
[ [1.098541833791412608*1018 , [log = 775.930517953597, u = 0.433525181717510, x = 11449.2221372478]] 
 
As there is a change of value of u from 0.425 to the value u = 0.3827 until u = 0.433525, we may conclude that there is a local 
minimum at  
u = 0.3827. Now let’s consider the following equation: 
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∗ 𝑥ሺଵି௨ሻ ∗ 𝑙𝑜𝑔ሺ2 ∗ 𝑥ሻቇ ∗ 0.5 ∗ 𝑙𝑜𝑔 ∗ 𝑥 

 
Optimization[Maximize](f, u = -1 .. 0.7); 
[ [[5.77373559861951561*1081, [log = 2.47267773971619*1018,  
u = -1., ]]x = 9.99684243438673*1019]] 
 
Optimization[Maximize](f, u = -1 .. 0.6); 
[ [[7.22151334895720538*1082, [log = 5.90412547172041*1019  , u = -1.,  
]] x = 8.07089229417555 1019]] 
 
Optimization[Maximize](f, u = -1 .. 0.5); 
[[[3.47390867039431157*1082, [log = 8.23388797516893*1019, u = -1., ]] 
x = 5.67460032269837*1019]] 
 
Optimization[Maximize](f, u = -1.. 0.4); [ [                                    
[3.85524259400554315*1082, [log = 8.06333970338030*1019, u = -1., ]] 
x = 5.91443596954865 1019 ]] 
 
Optimization[Maximize](f, u = -1 .. 0.3); [[                                   
[4.29069049822857044*1082, [log = 7.86240474225649 1019, u = -1.,]] 
x = 6.17904456036228*1019]] 
 
Obviously, there is a maximum at u = 0.5 & 0.6 as the value of f attains its maximum at 7.22151334895720538*1082 with a 
change from 5.77373559861951561*1081 to 3.47390867039431157*1082. 
 
In brief, for the Prime Number Theorem Error Equation, we have to minimize:  
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Actually, when the Perron’s formula attains its maximum, ψ(x) will also attain its maximum, then the equation ׬ ൫𝑥 െ

∞

ଵ
𝜓ሺ𝑥ሻ൯ 𝑥ି௦ିଵ𝑑𝑥 will attain its minimum at x = 0.5 or the critical strip in the critical region 𝑥 ∈ ሺ0,1ሻ. Hence, this writer conclude 
that the Riemann Hypothesis must be correct or the critical strip x = 0.5 is just the most optimized line with most of the non-trivial 
zeros. In fact, from my opinion, there are also other non-trivial zeros  stay all around the critical region as there are still 
ℜ൫𝜁ሺ𝑥+𝐼𝑡ሻ൯ meets ℑ൫𝜁ሺ𝑥+𝐼𝑡ሻ൯, but their differences with the ℜ൫𝜁ሺ0.5+𝐼𝑡ሻ൯ are only lying in their optimizations or a shift of the 
horizontal axis y h = 0. That says, for ℜ൫𝜁ሺ0.5+𝐼𝑡ሻ൯ meets ℑ൫𝜁ሺ0.5+𝐼𝑡ሻ൯ at the normal horizontal axis or Vh = 0 (with a 3-
dimensional sense, Re, Im & Vh. Thus, if we can shift the horizontal axis Vh with a delta δ, some others non-trivial zeros will still 
appears but it is NOT on the critical line x = 0.5. That is, these “(abnormal) non-trivial zeros” are staying outside the critical line x 
= 0.5 with the following conditions are satisfied: 
 
Vh = ℜ൫𝜁ሺ0.5 േ 𝛥+𝐼𝑡ሻ൯ = δ = ℑ൫𝜁ሺ0.5+𝛥+𝐼𝑡ሻ൯ 
I.e. Vh =  ℜ൫𝜁ሺ0.5 േ 𝛥+𝐼𝑡ሻ൯- δ = 0 = ℜ൫𝜁ሺ0.5+𝐼𝑡ሻ൯ for any given 𝛥 ൒ 0.  
Or for one of the case x = 0.7 when Vh =ℜ൫𝜁ሺ0.5+0.2+𝐼𝑡ሻ൯ - ℜ൫𝜁ሺ0.5+𝐼𝑡ሻ൯ - δ1 =  ℑ൫𝜁ሺ0.5+0.2+𝐼𝑡ሻ൯ - ℑ൫𝜁ሺ0.5+𝐼𝑡ሻ൯ = 0 etc. 
 
DISCUSSIONS & COMMERCIAL APPLICATIONS  
 

In practice, by considering the Taylor approximation for the function 
ଵ

௟௡௫
 around x = 1, we may get a sudden negative infinity drop 

(or the cliff effect) which is just like the following figure: 
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หℜ൫𝜉ሺ𝑥′+𝑦𝐼ሻ൯ െℜ൫𝜉ሺ𝑠′+𝑦𝐼ሻ൯ห.൑. |𝑀ሺ𝛥𝑘ሻଷ| 

 
But as 

0 .൑. หℜ൫𝜉ሺ𝑥′+𝑦𝐼ሻ൯ െℜ൫𝜉ሺ𝑠′+𝑦𝐼ሻ൯ห.൑. ൫𝜉ሺ𝑥′+𝑦𝐼ሻ െ 𝜉ሺ𝑠′+𝑦𝐼ሻ൯
ଷ

.൑. ሺ𝑥′െ 𝑠ሻଷ 
 
(Hence หℜ൫𝜉ሺ𝑥+𝑦𝐼ሻ൯ห is obviously a constant function as |𝑓ሺ𝑥ሻ െ 𝑓ሺ𝑦ሻ|.൑. |ሺ𝑥 െ 𝑦ሻଷ| implies f(x) is a constant function. Thus, 
ℜ൫𝜉ሺ𝑥+𝑦𝐼ሻ൯) is a constant function and the converse is usually NOT correct. One exceptional case is f(x) = | x | which is just the 
present case of the function  
 
หℜ൫𝜉ሺ𝑥′+𝑦𝐼ሻ൯ െℜ൫𝜉ሺ𝑠′+𝑦𝐼ሻ൯ห= หℜ൫𝜉ሺ𝑥′+𝑦𝐼ሻ൯ห = หℜ൫𝜉ሺ𝑥′ሻ൯ห = | x” | where ℜ൫𝜉ሺ𝑥′ሻ൯ = x”.  
 
Therefore, we have: 
 

 หℜ൫𝜉ሺ𝑥′+𝑦𝐼ሻ൯ െℜ൫𝜉ሺ𝑠′+𝑦𝐼ሻ൯ห.൑. ฬቀ൫ሺ𝑥′+𝑦𝐼ሻ െ ሺ𝑠′+𝑦𝐼ሻ൯
ଷ
ቁ
ଷ
ฬ 

    .൑. |ሺ𝑥′െ 𝑠′ሻଽ| 
             = |ሺ1 െ 0.5ሻଽ|.≪ 1 
Or in general, we shall have: 
 

0 .൑. หℜ൫𝜉ሺ𝑥′+𝑦𝐼ሻ൯ െℜ൫𝜉ሺ𝑠′+𝑦𝐼ሻ൯ห.൑. ฬ൬𝑚𝑎𝑥ሾ𝑎, 𝑏ሿ െ ቀ
௔ି௕

ଶ
ቁ൰

௡

ฬ .≪ 1 which must be convergent. In other words, for all given a 

“𝜀”, there is always a “𝛿” 

หℜ൫𝜉ሺ𝑥′+𝑦𝐼ሻ൯ െℜ൫𝜉ሺ𝑠′+𝑦𝐼ሻ൯ห ൑ 𝛿whenever ቚቀ൫ሺ𝑥′+𝑦𝐼ሻ െ ሺ𝑠′+𝑦𝐼ሻ൯ቁቚ ൑ 𝜀 for all x’+ yI and  

s’ + yI lying between 0 < x < 0.9 and hence ℜ൫𝜁ሺ𝑥+𝑦𝐼ሻ൯ is in fact a continuous function.) 
(N.B. In practice, one may consider  

หℜ൫𝜉ሺ𝑥′+𝑦𝐼ሻ൯ െℜ൫𝜉ሺ𝑠′+𝑦𝐼ሻ൯ห/ ฬ൬𝑚𝑎𝑥ሾ𝑎, 𝑏ሿ െ ቀ
௔ି௕

ଶ
ቁ൰

௡

ฬ as an ideal Hilbert Transformer which is an all-pass filter for the 

application such as the DC removal.) 
 
(N.B. For any given small amount 𝛿, by the mirror image reversed (or in the vice versa way) computational progress, one may 
estimate the radius of convergence.) 
 
(N.B. If there may be another turning point(s), then there must be more than one set of sign change(s), either from positive to 
negative or negative to positive, however, the trend shows that there is only one set of sign changing and ℜ൫𝜁ሺ𝑥+𝑦𝐼ሻ൯ is 
continuous together with just one pole at x = 1, therefore, x’ = s’ = 0.5 must be unique or this is the saddle point (among all of the 
other equilibrium point(s) at the other values of 0 < x < 0.9 (that consists of all artificial made non-trivial zeta zeros) with 
excluding x = 0.5 which contains all of the normal well known non-trivial zeta zeros.) 
 
This ends and completes the proof of the Riemann Hypothesis in the normal case. In reality, we can’t find another turning point 
like the saddle point x = 0.5 as the value(s) for the first part of the function Re(ξ(x+I y)) for 0 < x < 0.5 are strictly less than zero 
with gradually increasing trend while the value(s) for the second part of the function Re(ξ(x+I y)) for 0.5 < x < 1 are strictly 
greater than zero with gradually increasing tendency without any pole in between 0 < x < 0.5 and 0.5 < x < 1. Actually, the only 
pole is just x = 1. 
 
(N.B. There is in fact the Cauchy-Riemann Equation etc for us to show the relative complete story which can fill the gap between 
the complex-valued function and the harmonic analysis for their marriage. Actually, the harmonic analysis is an in-depth and wide 
topic for those interested parties to have a research but this may be too far away from the focus of this writer’s present study in the 
proof to determine the truth-less of the Riemann Hypothesis. In reality, the aim of the harmonic analysis is to break down the 
complicated mathematical curves into those sums of small comparatively components. Thus, this writer will end the recent 
discussions in the harmonic analysis at this moment unless some otherwise essential issues required.)  
 
Ultimately, this author may summarize the ultimate Riemann Hypothesis Proof / Disproof results as shown in the following table: 
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 RH Proof Disproof of RH 

Continuity Continuous (Proved) Discontinuous (Mirror imaged) 

Number of Pole(s) Only one (Proved) Infinite many (Mirror imaged) 

Number of Saddle Point(s) Unique (Proved) Infinite many (Mirror imaged) 

Equilibrium Point(s) Infinite many (Proved) Only one (Mirror imaged) 

Truth-ness of the RH May be correct in a saddle point (x =0.5) of an 
equilibrium point case while may be 
considered as incorrect for all other artificial 
human made non-trivial Zeta Zeros cases in all 
equilibrium points (actually all other points 
excluding x = 0.5 with real & imaginary points 
of intersections for the equation: 
ℜ൫𝜁ሺ𝑥+𝑦𝐼ሻ൯=ℑ൫𝜁ሺ𝑥+𝑦𝐼ሻ൯.) 

May be correct in only one equilibrium point 
(x = 0.5) for an optimal (Maximum / 
Minimum) point case while may be considered 
as incorrect with all other saddle points 
(excluding x = 0.5) consisting all of the 
artificial human made non-trivial zeta zeros 
cases with real & imaginary points of 
intersections for the equation: 
ℜ൫𝜁ሺ𝑥+𝑦𝐼ሻ൯=ℑ൫𝜁ሺ𝑥+𝑦𝐼ሻ൯. 

 
Ref: “A Magnified Proof for the Riemann Hypothesis & the Application – Appendix Figures: Actual View of the Riemann 
Hypothesis & its Mirror Image Inverse.) 
 
In a nutshell, Riemann Hypothesis can both be true and false. For RH is true when x = 0.5 is a saddle point and contains all of the 
non-trivial non-human made zeta zeros while all others points lie between 0 and 0.9 are in practice the artificial human made non-
trivial zeta zeros as the equilibrium points. On the other hands, one may have exactly the mirror image inverse (or the vice versa) 
of the above depicted descriptions where RH is also both correct and incorrect and hence this author will NOT repeated. 
 
Appendix I: A Comparison Between Different Types of PNT Error 
 
In general, we may have: 
 
ErrR = Res(

௫

௟௡௫
, 1) - ∮∑

௫

௟௡௫
𝑑𝑥 

Err2 = െ∮∑
ଵ

௟௡௫
𝑑𝑥 

ErrR1 = ׬ ∑ ௫

௟௡௫

ஶ
ଶ 𝑑𝑥 - ׬ ∑ ଵ

௟௡௫

ஶ
ଶ 𝑑𝑥 

 = Res(
௫

௟௡௫
, 1) – ErrR + ∮∑

ଵ

௟௡௫
𝑑𝑥; 

 
Similarly, we also have: 
 
ErrL = Res(

௫

ଵ൅௟௡௫
, 1) - ∮∑

௫

ଵ൅௟௡௫
𝑑𝑥 

ErrL1 = ׬ ∑ ௫

ଵ൅௟௡௫

ஶ
ଶ 𝑑𝑥 - ׬ ∑ ଵ

௟௡௫

ஶ
ଶ 𝑑𝑥 

 = Res(
௫

ଵ൅௟௡௫
, 1) – ErrL + ∮∑

ଵ

௟௡௫
𝑑𝑥 

 
But we have: 
 
Err = π(x) – Li(x) 

Err = π(x) - ׬
ଵ

௟௡௫

ஶ
ଶ 𝑑𝑥, 

hence0 ൑ 𝑅𝑒𝑠 ቀ
ଵ

ଵ൅௟௡௫
, 1ቁ –𝐸𝑟𝑟௅൅∮∑

ଵ

௟௡௫
𝑑𝑥 ൑ 𝜋ሺ𝑥ሻ െ ׬

ଵ

௟௡௫

ஶ
ଶ 𝑑𝑥ൌ𝐸𝑟𝑟 ⩽ 𝑅𝑒𝑠 ቀ

௫

௟௡௫
, 1ቁ –𝐸𝑟𝑟ோ൅∮∑

ଵ

௟௡௫
𝑑𝑥 ൑ 0 

In reality,  

𝑅𝑒𝑠 ቀ
ଵ

ଵ൅௟௡௫
, 1ቁ െ 𝐸𝑟𝑟௅൅∮∑

ଵ

௟௡௫
𝑑𝑥= 𝑅𝑒𝑠 ቀ

ଵ

ଵ൅௟௡௫
, 1ቁ െ ቀ𝑅𝑒𝑠 ቀ

ଵ

ଵ൅௟௡௫
, 1ቁ െ ∮∑

௫

ଵ൅௟௡௫
𝑑𝑥ቁ൅∮∑

ଵ

௟௡௫
𝑑𝑥 

= െቀ∮∑
௫

ଵ൅௟௡௫
𝑑𝑥 െ ∮∑

ଵ

௟௡௫
𝑑𝑥ቁ 

= െቀ∮∑
௫

ଵ൅௟௡௫
𝑑𝑥 െ ∮∑

ଵ

௟௡௫
𝑑𝑥ቁ 

.⩾ െቀ∮∑
௫

ଵ൅௟௡௫
𝑑𝑥 െ ∮∑

ଵ

ଵ൅௟௡௫
𝑑𝑥ቁ= െቀ∮∑

௫ିଵ

ଵ൅௟௡௫
𝑑𝑥ቁ 

 
By Taylor Expansion Series, we have: 
 

1 + ln (x) = 1 - ሺ𝑥 െ 1ሻଶ + 
ଷ

ଶ
ሺ𝑥 െ 1ሻଷ - 

଻

ଷ
ሺ𝑥 െ 1ሻସ + 

ଵଵ

ଷ
ሺ𝑥 െ 1ሻହ -….+ Oሺ𝑥 െ 1ሻ௡, hence we have: 

െ∮∑
ିଵ

ሺ௫ିଵሻ೙
𝑑𝑥with the inverse Fourier transform (or the complex contour integral) equals to: ∑

௜೙

ሺ௡ିଵሻ!
𝑒௜௧𝑡௡ିଵ𝑠𝑔𝑛ሺ𝑡ሻ 

 -------------(***) 

െ∮∑
ିଵ

ሺ௫ିଵሻ೙
𝑑𝑥with the Cauchy Integral Formula, we may get zeros for all n except that െ∮∑

ିሺ௫ିଵሻ

ሺ௫ିଵሻమ
𝑑𝑥 is equal to 2𝑛𝜋𝑖. 
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Similarly, for െቀ∮∑
௫ିଵ

௟௡௫
𝑑𝑥ቁ, by Taylor Expansion Series, we have: 

 

ሺ𝑥 െ 1ሻ- 
ሺ௫ିଵሻమ

ଶ
 + 

ሺ௫ିଵሻయ

ଷ
 - … + 

ଵ

௡
𝑂ሺ𝑥 െ 1ሻ௡, hence we have: 

∮∑
ଵ

ሺ௫ିଵሻ೙షభ
𝑑𝑥with the inverse Fourier transform (or the complex contour integral) equals to: ∑

௜೙షభ

ሺ௡ିଶሻ!
𝑒௜௧𝑡௡ିଶ𝑠𝑔𝑛ሺ𝑡ሻ 

 -----------(***’) 

െ∮∑
ିଵ

ሺ௫ିଵሻ೙
𝑑𝑥with the Cauchy Integral Formula, we may get zeros for all n except that െ∮∑

ିሺ௫ିଵሻ

ሺ௫ିଵሻమ
𝑑𝑥 is equal to 2𝑛𝜋𝑖. 

i.e. 0 ൑ 𝐸𝑟𝑟௅ଵ ⩽ 𝐸𝑟𝑟 ⩽ 𝐸𝑟𝑟ோଵ ൑ 0 
 
Or Err of the π(x) – Li(x) is bounded both above and below by the ErrR1 and ErrL1 whichare on the one hand greater than zeros and 
the other hand also smaller than zeros. Thus, by the Squeezing Principle, we may conclude that the sequence {Err n} converges to 
a zero as 𝑛 → ∞. In other words, π(x) → Li(x) and Li(x) is the most optimum error estimation for the prime counting function 
π(x). 
 
By the way, after the addition of the two equations (***) and (***’) together with the minus of them we may get the time domain t 
= 3. In fact, after a suitable computation from Fourier transform, Inverse Fourier transform, Laplace transform and Inverse Laplace 
transform etc we may filter the “0” and “1”. Then we will get the modified Riemann Zeta function without the only pole. 
Furthermore, if we apply the Z-transform to 1, we may map the 1 to 𝑒௭ and finally get the so called “Zeta Filter”. In the mirror 
image reverse (or the vice versa way) or the inverse Z-transform, we may  
 
ultimately obtain the expected “Prime Filter” like the following: 
 
       ln (p)  if n = 𝑝௞ for some prime p and integer 𝑘 ൒ 1 
  /\(n) =   
   0  otherwise 

The above is the well-known von Mangoldt function which is just the Logarithmic Derivative of the Zeta function (i.e.  
ି఍ᇱሺ௦ሻ

఍ሺ௦ሻ
). 

 
To sum up, when we compare the logarithmic sandwich equations for the Prime Number Theorem’s error estimation, we may 
finally get both of the Zeta filter and the Prime filter such that they may be used in the cryptography for the encryption and 
decryption etc that is also the major application of the present Zeta Zeros-Prime Distribution research project.  
 
The following is a table to summarize how these filters and the inverse one that may be related to the Digital Signal Processing: 
 

Concept Mathematical Representation Primary Role 

Zeta Filter 𝜁ሺ𝑠ሻൌ෍𝑛ି௦ Combines all integers into a single function 

Inverse Zeta Filter ෑሺ1 െ 𝑝ି௦ሻ Use primes to “undo” the sum of all integers 

Prime Filter 𝑙𝑛ሺ𝑝௞ሻ To cancel out all multiples (harmonics) of a specific prime from a global signal. 

Inverse Prime Filter ෍𝜇ሺ𝑛ሻ𝑛ି௦ Uses the Möbius function to exact prime behavior from Zeta function. 

 
Appendix II: A Sampled Neural Prime Filter Simulation for output the “Predicted Primes” with multi-base feature 
representations 
 
import numpy as np 
from sympy import isprime 
from sklearn.preprocessing import StandardScaler 
from tensorflow.keras import layers, models 
 
# --- 1. REUSE FEATURE LOGIC (Base-2, 3, 5, 7) --- 
NUM_BITS, NUM_TRITS, NUM_QUINTS, NUM_SEPTETS = 12, 8, 6, 5 
 
def number_to_base(n, base, length): 
digits = [] 
temp_n = n 
for _ in range(length): 
digits.append(temp_n % base) 
temp_n //= base 
return digits[::-1] 
 

841                                             International Journal of Science Academic Research, Vol. 07, Issue 05, pp.818-849, May 2026 



def get_prime_features(n): 
# Combine binary, ternary, quinary, and septenary signatures 
b, t, q, s = (number_to_base(n, 2, NUM_BITS), number_to_base(n, 3, NUM_TRITS),  
number_to_base(n, 5, NUM_QUINTS), number_to_base(n, 7, NUM_SEPTETS)) 
# Return flat feature vector 
return b + t + q + s + [sum(b), sum(t), sum(q), sum(s)] 
 
# --- 2. TRAIN THE FILTER ENGINE --- 
LIMIT = 4096 
X = np.array([get_prime_features(i) for i in range(LIMIT)]) 
y = np.array([1 if isprime(i) else 0 for i in range(LIMIT)]) 
 
scaler = StandardScaler() 
X_scaled = scaler.fit_transform(X) 
 
# Build a fast classifier 
model = models.Sequential([ 
layers.Input(shape=(X.shape[1],)), 
layers.Dense(128, activation='relu'), 
layers.Dense(64, activation='relu'), 
layers.Dense(1, activation='sigmoid') 
]) 
model.compile(optimizer='adam', loss='binary_crossentropy', metrics=['accuracy']) 
model.fit(X_scaled, y, epochs=100, batch_size=32, verbose=0) 
 
# --- 3. THE PRIME FILTER FUNCTION --- 
def neural_prime_filter(number_range): 
"""Filters a range of numbers using the trained Neural Network.""" 
# 1. Feature Extraction 
features = np.array([get_prime_features(n) for n in number_range]) 
# 2. Scaling 
features_scaled = scaler.transform(features) 
# 3. Prediction 
predictions = model.predict(features_scaled, verbose=0).flatten() 
 
# 4. Filter based on confidence (> 0.5) 
filtered_primes = [num for num, prob in zip(number_range, predictions) if prob > 0.5] 
return filtered_primes 
 
# --- 4. DISPLAY ALL IDENTIFIED PRIMES --- 
test_range = range(100, 200) # Scan numbers from 100 to 200 
found_primes = neural_prime_filter(test_range) 
 
print(f"\nNeural Filter results for range {test_range.start} to {test_range.stop-1}:") 
print("-" * 50) 
print(found_primes) 
print(f"\nTotal Primes Found: {len(found_primes)}") 
 
# Quick verification against math 
actual_primes = [n for n in test_range if isprime(n)] 
missed = set(actual_primes) - set(found_primes) 
false_positives = set(found_primes) - set(actual_primes) 
 
print(f"Filter Accuracy: {100 - (len(missed) + len(false_positives)):.2f}%") 
if false_positives: 
print(f"Numbers that tricked the filter (False Positives): {list(false_positives)}") 
 
Appendix III: De-fuzzification & Graphical Result 
 
with(plots): 
 
# Define the Trapezoidal Membership Function 
mu := x -> piecewise(x < 2, 0, x <= 4, (x-2)/2, x <= 6, 1, x <= 9, (9-x)/3, 0): 
 
# Step 1: Find the maximum height of the fuzzy set 
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# Defuzzification (Weighted Mean of Singletons) 
# Torque values: Pos=10, Neg=-10 
crisp_torque := (act_pos * 10 + act_neg * -10) / (act_pos + act_neg + 1e-6); 
 
return crisp_torque; 
end proc: 
 
The equation will look like: 
Torque_Out(t) = if abs(theta(t)) > 2.8 then BalancingLogic(theta(t), omega(t)) else SwingUpLogic(theta(t), omega(t)) end if  
 
This creates a Hybrid or Mixed Fuzzy Controller—a perfect advanced topic for a control systems research! 
  
Appendix IV: Multi-Level Power Spectrum Comparison with Optimization 
import numpy as np 
import matplotlib.pyplot as plt 
 
def get_b_n(angles, n, v_dc=100): 
"""Calculates the magnitude of the n-th harmonic for a multi-level staircase.""" 
angles_rad = np.deg2rad(angles) 
# The formula for b_n in a multi-level CHB inverter 
return (4 * v_dc / (n * np.pi)) * np.sum([np.cos(n * a) for a in angles_rad]) 
 
# 1. Define Optimized Switching Angles (SHE - Selective Harmonic Elimination) 
# 5-Level: 2 angles. We use them to set Fundamental and kill 5th harmonic. 
angles_5L = [7.2, 43.2]  
 
# 7-Level: 3 angles. We use them to set Fundamental and kill 5th AND 7th harmonics. 
angles_7L = [11.68, 31.18, 58.58] 
 
# 2. Calculate Spectrum (up to 25th harmonic) 
harmonics = np.arange(1, 27, 2) 
mags_5L = [get_b_n(angles_5L, h) for h in harmonics] 
mags_7L = [get_b_n(angles_7L, h) for h in harmonics] 
 
# 3. Calculate THD (Total Harmonic Distortion) 
def calculate_thd(mags): 
fundamental = mags[0] 
harmonics_rss = np.sqrt(np.sum(np.square(mags[1:]))) 
return (harmonics_rss / fundamental) * 100 
 
thd_5L = calculate_thd(mags_5L) 
thd_7L = calculate_thd(mags_7L) 
 
# 4. Plotting the Comparison 
plt.figure(figsize=(12, 6)) 
x = np.arange(len(harmonics)) 
width = 0.35 
 
plt.bar(x - width/2, mags_5L, width, label=f'5-Level (THD: {thd_5L:.2f}%)', color='gray', alpha=0.7) 
plt.bar(x + width/2, mags_7L, width, label=f'7-Level (THD: {thd_7L:.2f}%)', color='teal') 
 
plt.axhline(0, color='black', linewidth=0.8) 
plt.xticks(x, harmonics) 
plt.xlabel('Harmonic Order (n)') 
plt.ylabel('Voltage Magnitude (V)') 
plt.title('Power Spectrum Comparison: 5-Level vs. 7-Level SHE Optimization') 
plt.legend() 
plt.grid(axis='y', linestyle='--', alpha=0.6) 
 
# Annotate the "Clean Zone" 
plt.annotate('5th & 7th Eliminated', xy=(3, 0.5), xytext=(4, 40), 
arrowprops=dict(facecolor='black', shrink=0.05), fontsize=10) 
 
plt.show() 
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print(f"Numerical Improvement: {thd_5L - thd_7L:.2f}% reduction in THD.") 
 
In the 7-level system, the Maximum Power remains concentrated in the fundamental, but the Average Power of the "noise" 
(harmonics) drops by nearly half compared to the 5-level system. In brief, the cost of 4 extra MOSFETs and drivers (approx. $25-
$45) is justified if it reduces total system heat by 30-50% or increases overall power efficiency by >3%, as this typically prevents 
costly hardware failures and simplifies thermal management. 
(N.B. The inverse of the spectrum power together with the inverse Fourier series will return the autocorrelation or the correlation 
of signal with itself. Hence, to go ahead a step, we may then establish the corresponding statistical linear regression equation 
model for the signal with itself or the autoregression for the forecasting of the signal’s future value etc.) 
import numpy as np 
import matplotlib.pyplot as plt 
from statsmodels.tsa.ar_model import AutoReg 
 
# 1. Generate a synthetic signal (Sine wave with random noise) 
np.random.seed(42) 
t = np.linspace(0, 100, 500) 
signal = np.sin(0.5 * t) + 0.2 * np.random.normal(size=len(t)) 
 
# 2. Fit the Autoregressive (AR) model 
# We use 'lags=2', meaning the model predicts the current value  
# using the 2 previous values (AR(2) model). 
model = AutoReg(signal, lags=2, old_names=False) 
model_fit = model.fit() 
 
# 3. Print the calculated regression coefficients 
# These represent the 'weight' of each past value. 
print(f"Intercept (c): {model_fit.params[0]:.4f}") 
print(f"Lag 1 Coefficient (phi_1): {model_fit.params[1]:.4f}") 
print(f"Lag 2 Coefficient (phi_2): {model_fit.params[2]:.4f}") 
 
# 4. Forecast the next 20 future values 
forecast_steps = 20 
forecast = model_fit.predict(start=len(signal), end=len(signal) + forecast_steps - 1) 
 
# 5. Visualize the results 
plt.figure(figsize=(10, 5)) 
plt.plot(t, signal, label='Original Signal (with noise)') 
plt.plot(np.linspace(100, 104, forecast_steps), forecast, 'r--', label='Forecasted Future') 
plt.title("Autoregressive (AR) Model: Signal vs Itself") 
plt.legend() 
plt.show() 
 
from statsmodels.graphics.tsaplots import plot_pacf 
 
# Plot PACF to see where the correlation cuts off 
plot_pacf(signal, lags=20) 
plt.show() 
 
from statsmodels.tsa.ar_model import ar_select_order 
 
# Automatically search for the best number of lags up to 15 
# You can change 'ic' to 'bic' or 'aic' 
sel = ar_select_order(signal, maxlag=15, ic='aic') 
print(f"Optimal lags: {sel.ar_lags}") 
 
The result is one may identify the smallest number of lags that capture the most relevant patterns without overfitting. 
 
Appendix V: A PNT Error Formula(s) 
 
import numpy as np 
from pysr import PySRRegressor 
from scipy.special import li 
from sympy import primerange 
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# 4. RUN CONVERGENCE TEST 
sample_sizes = [10, 50, 100, 500, 1000, 5000] 
stoch_means = [] 
stoch_errs = [] 
 
print(f"Deterministic Time: {deterministic_time:.4f}s | Value: {exact_chi:.2f}") 
 
for n in sample_sizes: 
start_stoch = time.time() 
samples = get_optimized_sample(n) 
stoch_means.append(np.mean(samples)) 
stoch_errs.append(np.std(samples) / np.sqrt(n)) 
print(f"N={n:4} | Mean: {stoch_means[-1]:.2f} | Time: {time.time()-start_stoch:.4f}s") 
 
# 5. VISUALIZATION 
plt.figure(figsize=(10, 5)) 
plt.errorbar(sample_sizes, stoch_means, yerr=stoch_errs, fmt='o-', capsize=5, label='Optimized Stochastic GW') 
plt.axhline(y=exact_chi, color='r', linestyle='--', label='Exact Physical Limit') 
plt.xscale('log') 
plt.title("Optimized Stochastic GW: Speed & Convergence Proof") 
plt.xlabel("Number of Stochastic Samples ($N_s$)") 
plt.ylabel("Polarizability ($\chi$)") 
plt.legend() 
plt.grid(True, alpha=0.3) 
plt.show() 
 
optimized_stochastic_gw_proof() 
 
Why this is a Python code segment for the "Proof" to the convergence of the StochasticGW with optimization: 
 
The Scaling Win: In a real material, the exact_chi  loop would crash your computer if you had 10,000 states. 

The stochastic_sample  only needs to touch each state once. 
 
 Physical Signal vs. Noise: Individual samples are wildly inaccurate, but because the random phases are incoherent, they 

cancel out just like unphysical paths in a Feynman diagram. 
 Real-World Usage: This exact logic is implemented in high-performance software like StochasticGW on GitHub to simulate 

massive systems.  
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