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Abstract

The concept of fuzzy dot subalgebra of BCK/BClI-algebras was introduced by Jun and Hong [5]. In this paper, we introduce the concept of fuzzy
dot ideal, and study its some characterizations and properties. Also, we give a relation between a fuzzy dot ideal in theorems.
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INTRODUCTION

The notion of BCK-algebra was introduced by Imai and Iseki in 1966 [2]. In the same year Iseki [3] introduced the notion of a
BCl-algebra which is a generalization of a BCK-algebra. After the introduction of the concept of fuzzy sets by Zadeh [11], several
researches worked on the generalization of the notion of fuzzy sets. Jun and Hong [5] introduced a fuzzy dot subalgebra in
BCK/BCl-algebras and investigated some properties. In this paper, we introduce the notion of fuzzy dot ideal and give some
fundamental properties and characterizations of fuzzy dot ideal of BCK/BClI-algebra.

PRELIMINARIES

In this section, some basic definitions and properties of BCK/BClI-algebras and fuzzy sets in BCK/BCI-algebras are given.
By a BCl-algebra X , we mean an algebra (X ,*,0) of type (2,0) satisfying the following conditions:

BCI -1 ((xy )(xz ))(zy)= 0,

BCI -2 (x(xy))y=0,

BCI -3 xx =0,

BCI —4 xy =0andyx =0=>x =y,

where, xy =x *y, and xy =0 ifandonlyif x <y forall x,y,z € X .

A BCl-algebra X satisfying O < x , for all x e X is called a BCK-algebra. In a BCK/BCl-algebra X ,the following properties
hold forall x ,y ,z € X .

P-1 x0=x.

P2 (xy)z =(xz)y .

P-3 x <y impliesthat Xz < yZ and Zy <ZX .
P-4 (xz)(yz)<xy [5]

If X is a BCK-algebra, then the inequality Xy <Xx holdsforall x,y e X

Next, we review some fuzzy concepts. A fuzzy set of X is a function )7 X > [051]. The set M= {X eX |,u(x ) Zt},
where ¢ [0,1] is called the level subset of L.

A nonempty subset / of a BCK/BClI-algebra X is called an ideal of X | if it satisfies :
(11 0el,
(12) xy €l and y € I imply that x 1 , forallx , vy eX .
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A fuzzy set tl of a BCK/BCl-algebra X issaidtobea fuzzy ideal ([1],[4]) of X | ifit satisfies:
(FI-1) 1(0)> u(x),

(FI-2) pu(x) > min{lu(xy ), 1(y )} ,forall x,y e X .
FUZZY DOT IDEAL

Definition 3.1. ([5],[6]) Let 4/ be a fuzzy set in a BCI-algebra X . Then M is called a fuzzy dot subalgebra (also called fuzzy
H-algebra [6]) of X | ifit satisfies:

p(xy )2 p(x ) p(y ) foral x,y €X .

Definition 3.2. Let £/ be a fuzzy setin a BCl-algebra X . Then [{ is called a fuzzy dot ideal of X , if it satisfies:
(FD-1) 14(0)> u(x )»

(FD-2) pu(x )= p(xy )u(y ). forall x,y € X .

xample 3.3. Let =3v,a,0,C bea -algebra wit efined by
Example 3.3. Let X =10,a,b,c | bea BCl-algebra with * defined b
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[Example 3.2]. Define the fuzzy subset Z/ of X by u4(0)=0.8, ,u(a):,u(b):()_25 and ,u(c)=0.1- Routine
calculations give that {/ is a fuzzy dot ideal of X .

Example 3.4. Let X = {O,a,b ,c} be a BCK-algebra with * defined by
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[3; Example 3.2]. Define the fuzzy subset 44 of X by 1(0)=0.9, u(a)= u()=0.5 and /U(C) = ().1. Routine
calculations give that £/ is a fuzzy dot ideal of X . Also a fuzzy subset V of X , defined by 1/(()) = v(a) =0.5,
V(b) =(0.4 and V(C) = (.3, is a fuzzy dot ideal of X .

Remark 3.5. Note that every fuzzy ideal of X is a fuzzy dot ideal of X, since
p(x )z min{a(xy ), (v )} 2 p(xr ) u(y)
but the converse is not true. In Example 3.4. we can see the fuzzy dot ideal V' is not a fuzzy ideal of X , since

v(b)=0.4< min{v(ba),v(a)}
= min{v(a),v(a)} =0.5
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Proposition 3.6. Let D be a nonempty subset of a BCK/BCl-algebra X and [, a fuzzy set in X defined by yD(x ) =S if

x €D and [, (.X) =t otherwise, s,t €[0,1] with s >t . Then U, is fuzzy dot ideal of X ,if D isideal of X .

Proof. Suppose that D is an ideal of X . Since 0 € D, we have ,uD(O)

Xy eD and y €D, then xeD , so yD( )—SZ/JD( ) (y I xy gD or y%D, then

,UD()Q/),UD()/)ZB SZ‘S,UD(X). If xy gD and y ¢ D, then /UD(
fuzzy dot ideal of X .

Zy( ). forall x €X . Let x,y €X .If
)=s’
#oly

) tzﬁtﬁ,uD(x) . Therefore f4, is a

Proposition 3.7. Every fuzzy dot ideal I of a BCK/BCl-algebra X with y (O) =1 , is order reserving.
Proof. Let X , ) eX .1t X Sy ,then X)) = 0 , SO

w(x )2 pxey)w(y)=pO)u(y)=py).

Proposition 3.8. Let [l be a fuzzy dot ideal of a BCK/BCI-algebra X , and /1(0) =1 . Then for all X,y ,Z eX it
satisfies the condition (1) ,u(xy ) > ﬂ((xy )y ) if and only if it satisfies

@ u((xz )(v2)) 2 u((xy )z)

Proof. Let {1 be a fuzzy dot ideal of X satistying (1). Since ((x (yz ))Z )Z =((xz )(yz ))Z S(xy )Z , by Proposition 3.7.
we have ﬂ((x (vz ))Z )Z 2#(()0, )Z) It follows from (1) that.

u((xz)(v2))=p((x (32))2)

> a(((x (7)) )¢ )

> u((xy)z)

Thus 4 satisfies (2).
Conversely, replacing Z with y in (2), we obtain the condition (1) . This completes the proof.

We denote X (xy ) =X 2y and inductively x (___(xy )) =x ”y ,if X accuses 7 -time .

Proposition 3.9. Let [ be a fuzzy dot ideal of a BCK/BCl-algebra X , and ﬂ(O) =1 .Thenforall x y € X we have

(i) u(xy) =(u (x))2 ,where n =2k | k €l .

(ii)/,[(xy) >ﬂ( xy) ) ( ),Wh€V€ n=2k+1,kell.
i) p(x") 2 pe(xy Y u(y ) - where n=2k +1, k €l

Proof. Let X ,V € X | since
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(xy )2k x <x, 1)
(xp )" "x <0y @)

(i) By (1) and Proposition 3.7. we have ,U((xy )Zk N ) > ,u(x )’ then
> u{(w)

lu(xy )Zk

(iii ) Since x 24+ (xy )g y - then by Proposition 3.7. we get ﬂ(x 2+l (xy )) > ,U(J/ ),then
y(x " ) > y(x " (xy )),u(xy )
> u(y)p(xy)
=u(xy ) u(y)

Theorem 3.10. Let X be a BCK/BCl-algebra, and let [l be a fuzzy set of X and ,U(O) =1.Then M is a fuzzy dot ideal
of X ifand only if it satisfies.

xy <z implies pu(x )= pu(y)u(z), forall X,y ,z eX .

Proof. Suppose that £/ is a fuzzy dotideal of X' . Let x) <z forall x,y,z € X . By Proposition3.6. x(xy )= u(z),so

u(x )z pu(xy )u(y)
> u(z)u(y)

Conversely, since x (xy ) <y, then by hypothesis we get y(x ) > y(xy )y(y ). Hence gy is a fuzzy dot ideal of X .

Theorem 3.11. Any fuzzy dot ideal y; of BCK-algebra X with ‘u(()) =1 must be a fuzzy dot subalgebra of X .

Proof. Since X)) < X , then by Proposition 3.7., ﬂ(x ) < lu(xy ) Thus lu(xy ) > /u(x ) > ,u(x )/u(y )

Theorem 3.12. Let {/l },Where i €l be afamily of fuzzy dot ideals of a BCK/BCl-algebra X , then sois M y7

i ;
iel

Proof. Forall x ,y € X , we get
ey’ (O) = min{,ul. (0)}

iel iel
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Q4 (x)=miniy, ()
> rlneiln{ﬂ,- (xp ) (v )}
> (min{ar (o)} )i ()

iel iel

= (q # (xy ))(,@ ()

Hence (M L is a fuzzy dot ideal of X .

iel
Remark 3.13. Note that a fuzzy subset f/ of a BCK/BCl-algebra X is a fuzzy ideal of X if and only if a nonempty level subset

M, isanideal of X' forevery ¢ €[0,1] . Butif £/ isa fuzzy dot ideal of X, then //, may not to be an ideal of X , asseen in

the following example.

Example 3.14. Let ¥ = {O,a,b,c} be a BCK-algebra as defined in Example 3.4. Consider the same fuzzy dot ideal V' of X

which is defined by V(O) = V(a) =0.5, V(b) =0.4 and v(c) =(.3. We can see that y . = {O,Q} and ba=a v, ,
buth ¢ Vo s , then Vos is not an ideal of X .

Theorem 3.15. Let (; be a fuzzy dot ideal of BCK/BCI-algebra X . Then = =1\ is either empty or ideal of X .
M X, ={xeX|ux)=1
"

Proof. Suppose that 4 is a fuzzy dot ideal of X, clearly ()GX#, now let Xﬂ * ¢, and xy ,y eX#. Then
,u(xy)zlzlu(y) , SO ,u(x)z,u(xy )ﬂ(y):l gives x eXﬂ.HenceXﬂ is an ideal of X .

Theorem 3.16. Let g : X = X' be a homomorphism of BCK/BCI-algebras. If 'V is a fuzzy dot ideal of X', then the
preimage g‘l (V) of V' under g isa fuzzy dot ideal of X .

Proof. Forany x , € X , we have

g (v)(x)=v(g(x))
2v (g (x)(g () ()
:v(g xy)v(g(y))

Hence g’l (V) is a fuzzy dot ideal of X .

Theorem 3.17. For any fuzzy subset O of BCK/BCl-algebra X , assume that ) be a fuzzy subset of X x X defined by
i, (x ,Y ) = g(x )O'(y ) forall x,y €X . Then O is a fuzzy dot ideal of X if and only if i is a fuzzy dot ideal of
X xX.

Proof. Assume that ¢ is a fuzzy dot ideal of X .Forall X €_.X , we have
1,(0,0)=0(0)c(0)>0(x)o(x)=p,(x,x):

Forany X |,X,,),,¥, €X ,we have
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Ho ((XI’XZ)(yl’yz))”a (r152)

= Uy (X7 1% 205 o (V157 2)
=(0'(x1y1)0(x2y2))(O'(yl)a(yz))
= (O'(xlyl)a(yl))(a(x 23’2)0()’2))
<o(x,)o(x,)

:ﬂa(x]5x2)5
Andso U isafuzzy dot ideal of X xX .

Conversely, suppose that . is a fuzzy dot ideal of X x X andlet x , y e X .Then

And so g(x )2 g(xy )O'(y ),that is O afuzzy dotideal of X .

Theorem 3.18. Let X be a BCK/BCl-algebra, and let [l be a fuzzy set of X xX and O be a fuzzy subset OfX
defined by g(x ) = lu(x ,O),for alx € X Af pisa fuzzy dot ideal of X x X, then O isa fuzzy dot ideal of X .

Proof. Forall X € X we have

O'(O):,U(0,0)Z u(x’()) = O'(X ) Forall X 4% eX

Thus O is a fuzzy dot ideal of X .

Theorem 3.19. Let X ,X' be BCK/BCl-algebras, and M a fuzzy set of X xX' satisfying the inequalities
au(x ’0) 2 /,I(X X ') and lu((x ’0)(y 90)) 2 /J(()C X ,)(y Y ,)) Jor all x 4 €X and x,’yVEX' - Let O be a fuzzy subset
ofX defined as above. If O isa fuzzy dotideal of X ,then y isa fuzzy dot ideal of X xX'.

Proof. For all (x ,y)eX x X ', we have
,u(0,0)z 0'(0) > O'(x ) = ,u(x ,0)2 ,u(x , Y )»

and forall (x,x"),(y,y')eX xX'
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u(x.x')=o(x)zo(xy)o(y)
#(xy,0)p(y.0)
#(xy,00)u(y ,0)
#((x.0)(y,0)) (v .0)
a((x.

vy ) u(y.y')

\%

Thus LI is a fuzzy dot ideal of X xX'.

Theorem 3.20. Let 1L and V be fuzzy dot ideals of a BCK/BCI-algebras X and X 'respectively. Then the cross product
MXV of U and V defined by luxv(x,y):/u(x )V(y ),for all (X,y )EX x X ' is a fuzzy dot ideal of
X xX".

Proof. For all (x,y)eX x X "we have
pxv(0,0)=pu(0)v(0)= u(x)v(y)=puxv(x,y)

Now, for any (x » '),(y % ') eX xX' , we have

Thus L XV is a fuzzy dot ideal of X X X "

Theorem 3.21. Let LI and V' be fuzzy dot ideals of ~ BCK/BCI-algebras X and X ,respectively. If the cross product
M XV isafuzzy dot ideal of X xX ’, then Ll or V mustbe a fuzzy dot ideal .
Proof. Let Ll XV be a fuzzy dot ideal of X xX'. We claim that M or V satisfies (FD—l).Supposelu(O) < :u(xo) and

V(O)<v(x(;), for some x e X and x(; e X " .Then

1xv(0,0) = 1(0)v(0) < (x4 v (xg) = xv (xgoxf)

which is a contradiction. Therefore (FD-1) holds for one ,U or V . Suppose that (FD-2) is false. Then there are x 0o Vo € X

and x(;,y(') e X ' such that

puxv(xoxg)=pu(x,)v(xg)
<(u(xoyo) (o)) (v(xiy6)v(20))
=(u(xo)v(xiy))(u(yo)v(vi))
= 1xv (XY 6, X V6 )X V(Y45 6)
= uxv((x0.x0) ooy o)) xv(ye.ys)
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Which is impossible. Hence (FD-2) is also valid for one ,U or
V . Consequently, A4 or V must be a fuzzy dot ideal.
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