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Abstract 
 

Marginal Integration (MI) is a statistical method that is extensively employed to estimate component functions of the nonparametric additive models. The 
shortcoming of the purely additive model is that interaction between predictor variables is often ignored, and it may produce poor performance in some real 
applications. As a result, this research considers the second-order interactions in the regression models. The primary objective is to use marginal integration 
techniques to estimate the nonparametric additive functions. We compare this model with other models/estimators such as the Generalized Additive Model (GAM), 
Generalized Additive Model with Selection (GAMSEL), Robust Marginal Integration (RMI), Ordinary Least Squares (OLS), M-estimators based on Tukey and 
Huber methods, and LASSO. The simulation results indicate that MI has the least root mean prediction error (RMPE) in pure non-linear models with interaction 
terms. In the presence of outliers, RMI has the least RMPE demonstrating robustness. Finally, an application of the models on Real Estate Price Prediction data 
obtained from Kaggleshows that the MI method has the least RMPE depicting as the best model. 
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1. INTRODUCTION 

 
A linear model uses a statistical model to describe the relationship between an outcome variable and independent variables. These models 
presuppose a linear relationship between the independent variables and the outcome variable, which means that a change in the independent 
variables will have a corresponding change in the dependent variable. Simple Linear and Multiple Linear regression are examples of linear 
models. Simple linear regression is a basic linear model that uses a single predictor variable to explain the variation in a response variable. The 
simple linear regression model can be expressed as follows: 
 
Y = β0 + β1X + ϵ, 
 
where Y is the response variable, X is the predictor variable, β0 and β1 are the intercept and slope coefficients, respectively, and ϵ is the error term, 
which represents the variability not explained by the model. 
 
Multiple linear regression is a more general linear model that uses multiple independent variables to explain the variation in a response variable. 
It is represented as 
 
d 
Y = β0 + XβjXj + ϵ = βX + ϵ, 
j=1 
 
where X = (1,X1,X2,..,Xd)

T and β = (β0,β1,β2,..,βd)
T . An ordinary least squares (OLS) estimator is used to estimate the parameters of the model. 

However, the OLS often gives a poor estimate in the presence of outliers or other data anomalies in linear models. In these situations, we look for 
robust estimators which provide accurate results. Tukey’s M-estimator and Huber’s M-estimator are both robust estimators commonly used in 
linear regression to improve the robustness of the model in the presence of outliers or other types of data anomalies. Tukey’s M-estimator uses a 
weighting function to down-weight the influence of outliers on the estimated coefficients. In contrast, Huber’s M-estimator combines least 
squares and absolute deviation approaches to handle both small and large residuals. 
 
In many practical problems with a large number of covariates, one may look for simpler models for better interpretability. So, in those cases, we 
need an appropriate variable selection method. Variable selection in linear models refers to the process of selecting a subset of predictor variables 
to include in the model while discarding insignificant variables. One approach to variable selection in linear models is stepwise regression, which 
adds or removes variables from the model based on statistical criteria. However, it is a very computationally intensive process. Another approach 
is regularization, which penalizes the coefficients of less important variables to encourage sparsity in the model. Two commonly used types of 
regularization in linear models are LASSO regression and Ridge regression. However, they are not robust against outliers. The Lad LASSO 
combines the least absolute deviation (Lad) and LASSO methods, and thus, the estimator produces a robust variable 
selection. 
 
In statistical modeling, a wide range of nonparametric models falls under the general regression model if a linearity assumption is not tenable, 
even as a rough approximation. The general regression model is given as 
 
Y = m(X) + σ(X)ϵ, (1.1) 
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Table 5.1. RMPE of different estimators for n = 50, p = 0 
 

 
 

Similarly, Table 4.2 shows the RMPE for 5% contaminated proportion of outliers. It can be seen that almost the nonlinear models (RMI, MI, 
GAM, and GAMSEl) have relatively minimal RMPE than the RMPE of the linear models (OLS, Tukey, Huber, and LASSO), with RMI being 
more robust, followed by MI model. RMI down weights outliers within an observation leading to relatively minimal RMPE. 
 

Table 5.2. RMPE of different estimators for n = 50, p = 0.05 
 

Data / Estimator Full Training Data %Trimmed Training Data Test Data 
MI 3.334617 2.150334 2.244626 
RMI 3.341925 1.866634 2.063283 
GAM 3.415981 1.641068 2.367746 
GAMSEL 3.744582 1.588817 2.087379 
OLS 4.481427 2.547037 3.381487 
Tukey 4.650484 2.298392 2.946648 
Huber 4.577265 2.314059 3.021648 
LASSO 4.578127 2.572043 3.312549 

 
Table 5.3. RMPE of different estimators for n = 100, p = 0 

 

 
 

Table 5.4. RMPE of different estimators for n = 100, p = 0.05 
 

Data / Estimator Full Training Data %Trimmed Training Data Test Data 
MI 4.244543 1.537812 1.317160 
RMI 4.131838 1.291164 1.141759 
GAM 4.157817 1.822049 2.153853 
GAMSEL 4.303037 1.710540 1.833162 
OLS 5.130159 3.002963 2.908784 
Tukey 5.278511 2.732754 2.530476 
Huber 5.209252 2.759724 2.580387 
LASSO 5.180242 2.990368 2.802996 

 
Table 5.5. RMPE of different estimators for n = 200, p = 0 

 

 
 

Estimator 
Data 

Full Training Data  5 %Trimmed Training Data  Test Data 

MI  1.3783011  1.9248289  1.0351418 
RMI  1.5367982  1.3550877  1.4029131 
GAM  0.9769661  0.8529152  0.9692405 

GAMSEL  0.9855903  0.8605986  0.9627929 
OLS  2.7759304  2.4773668  2.7182039 
Tukey  2.7767363  2.4741015  2.7267952 
Huber  2.7770788  2.4734560  2.7303227 
LASSO  2.7823566  2.4857525  2.6971132 

Estimator 
Data 

Full Training Data  5 %Trimmed Training Data  Test Data 

MI  1.0883718  1.0371954  1.0932077 
RMI  1.1819926  1.3872637  1.2025745 
GAM  0.9198588  0.8012661  1.120111 

GAMSEL  0.9377968  0.8168821  1.100418 
OLS  2.7307057  2.4398454  2.521105 
Turkey  2.7333633  2.4312190  2.532443 
Huber  2.7345418  2.4304282  2.534311 
LASSO  2.7649038  2.4649656  2.500821 

Estimator 
Data 

Full Training Data  5 %Trimmed Training Data  Test Data 

MI  1.4956194  1.1343427  1.693024 
RMI  1.9509687  1.7033965  1.880585 
GAM  1.8341465  1.7184733  1.909057 

GAMSEL  1.8792736  1.7567732  1.904757 
OLS  2.4231850  2.1378903  2.925841 
Tukey  2.4274825  2.1236149  2.945889 
Huber  2.4277466  2.1230090  2.947578 
LASSO  2.4500079  2.1606034  2.929164 
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Table 5.6. RMPE of different estimators for n = 200, p = 0.05 
 

Data / Estimator Full Training Data %Trimmed Training Data Test Data 
MI 4.651391 1.752412 1.644437 
RMI 4.664832 1.565018 1.382834 
GAM 4.329318 1.653548 1.626122 
GAMSEL 4.399191 1.603645 1.471823 
OLS 5.179609 3.053820 2.962892 
Tukey 5.261134 2.768808 2.726325 
Huber 5.206081 2.784423 2.698031 
LASSO 5.155451 3.005571 2.741744 

 
Finally, in the simulation results on the RMPE in Table 4.3, 4.4, 4.5 and 4.6, RMI has the least RMPE indicating robustness to outliers where 
there is 5% proportion of outliers. Also, MI has the least RMPE when there is 0% proportion of outliers. In most cases, the nonlinear models 
have relatively minimal RMPE than the linear model. The RMI proposed by Boente et al., (2017) down-weights outliers resulting in relatively 
minimal RMPE. 
 

6. REAL DATA ANALYSIS 
 
A dataset on Real Estate Price Prediction is obtained from Kaggle (Kaggle Real Estate Price Prediction Dataset n.d.) which has 414 
observations across 7 variables, of which one is a response variable, and 6 are predictors. The house price is the response variable, and among the 
predictor variables are house age, distance to the nearest MRT station, number of convenience stores, latitude, longitude, and transaction date. 
All variables are continuous except the transaction date. Since the Marginal Integration method works for only continuous variables, the analysis 
will discard the transaction date. We fit a GAM model with interactions using Marginal Integration Estimation Techniques. It is applied to Real 
Estate Price data where the response variable is house price, and the response variables are various features of house age, distance to the nearest 
MRT station, number of convenience stores, latitude, and longitude. The method involves estimating the main and interaction effects using a 
kernel function and integrating over the covariates space to obtain the estimated function. The main effect for each covariate is estimated, where 
the output GAM model is a list containing the estimated and interaction effects for each covariate. The GAM function first scales the predictors 
in the predictor matrix before estimating the main effects of each predictor using the main effect function, which predicts the marginal effects of 
each predictor using the Gaussian kernel density estimator with bandwidth. Nevertheless, the GAM function also calculates the interaction effect 
between each pair of predictors using the interaction effect function, which computes the interaction effect at each pair of points using the 
product kernel density estimator. Onwards, to check the model’s performance, we developed a prediction function that predicts the response 
variable based on the estimated main and interaction effects. The dataset is split into 75% training dataset and 25% testing dataset. The model is 
built on the training dataset and later validated on the testing dataset based on the Root Mean Prediction Error (RMPE). Furthermore, the RMPE 
is extended to the Generalized Additive Model (GAM), GAMSEL, RMI, OLS, Tukey, Huber, and LASSO. 
 

6.1 Main Effect and Interaction Plots 
 

 

Figure 6.1. Main Effect Plots 
Figure 4.3 depicts the plots of the main effects (the plot of the main effect against each predictor). One requirement of the additive model is that 
the relationship between the response variable and predictors must be nonlinear. The plot above depicts a nonlinear relationship between the 
response variable (House Prices) and all other predictors. These variables will be suitable for fitting a generalized additive nonparametric model. 
 

 
 

Figure 6.2. Interaction Effects Plots 
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Figure 4.4 shows the interaction effect plots among the predictors. A second-order interaction effect is allowed between the predictor 
variables. The 3D plots of all interactions exhibit non-flatness, which appears contour-like, indicating an interaction between thevariables. 
 
6.2 RMPE for Different Methods: In Statistics, Root Mean Prediction Error (RMPE) helps researchers to assess the performance of predictive 
models and to compare the accuracy of different models. To validate the performance of the method, the RMPE of the Marginal Integration (MI) 
model is compared with the RMPE of other nonparametric models such as GAM, GAMSEL, Robust Marginal Integration (RMI), and four other 
linear models including Ordinary Least Regression (OLS), Tukey, Huber, and LASSO penalty. The RMPE of the MI model appears to be the 
smallest followed by RMI although the difference between the models is not much the MI model appears to perform better than the others. It 
appears that the RMPE for the nonparametric models performs better than the linear model depicting that the application of the nonparametric 
model will be a good fit for the data. The results of the RMPE are summarized in the table below. 
 

Table 6.1. RMPE of different estimators for the house price data 
 

Estimator MI GAM GAMSEL RMI OLS Tukey Huber LASSO 
RMPE 5.265913 5.54814 5.38276 5.46731 6.66606 6.75857 6.72713 6.66975 

 
7. CONCLUSION 
 
In this thesis, we have studied a Marginal Integration (MI) method for estimating Generalized Additive Model (GAM) with interactions. We 
compared different nonparametric models (MI, RMI, GAM, GAMSEL) and linear models (OLS, Tukey, Huber, and LASSO) using the root 
mean prediction error (RMPE). The simulation study indicates that the MI has the least RMPE in pure data when the actual model is nonlinear 
and has interaction terms. The Robust Marginal Integration (RMI) has the least RMPE when there is a 5% proportion of outliers in the nonlinear 
model. The RMI method down-weights outliers leading to a relatively small RMPE. The results on RMI are consistent with the method proposed 
by Boente et al., (2017), indicating robustness in the presence of outliers. Next, we have applied our method to Real Estate Price Prediction data 
obtained from Kaggle. The nonlinear models performed better than the linear models used to analyze this dataset. 
The lowest RMPE is produced by the MI method, followed by the RMI. 
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